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Abstract

The Standard Model (SM) of particle physics seems to be inadequate at high energy scale presumably

in the vicinity of Planck energy scale £, = %5 ~ 10'%GeV, because it ignores quantum nature of

gravity and at Planck energy scale, a combined effects of both quantum and gravitational effects are
expected to become more pronounced. Scientists are employing diverse strategies to study Quantum
Gravity and aiming to unify General Relativity and Quantum Mechanics. While all these theories are
still in their nascent stages of development and haven’t achieved any major breakthroughs, they all
point towards a common feature: the quantum nature of space-time at the Planck scale. In certain
models of quantum space-time in non-commutative geometrical framework, the space-time coordi-
nates become operator valued satisfying a non-vanishing commutator algebra involving certain de-
formation parameter(s). These parameter(s) are believed to correspond to a minimal length scale,
presumably the Planck length scale.

Although no effort will be made in the current thesis to directly address any of the problems on Quan-
tum Gravity, this thesis rather adds to a thorough investigation of different physical and mathematical
aspects of non-commutative (NC) space-time.

The aim of this thesis is two-fold. In part-A, we have taken prototypes of NC space-time and tried
to build dynamical models on such a background and discuss its effect on the respective systems for
both relativistic and non-relativistic cases.

o First we discuss the formulation of non-relativistic quantum mechanics on NC space-time of
Moyal type in 1+1 dimension, using Hilbert Schmidt operators, where ‘time’ is also taken to be
an operator. We then study its impact on a time-dependent quantum system to demonstrate, in
particular, the possibility of emergence of geometric phase, which depends on the NC parame-
ter, after the system has undergone a periodic and adiabatic evolution.

e Next using the deformed Poincare symmetry of the x-Minkowski space-time (a Lie-algebraic
type of non-commutative Lorentzian space-time), we construct a Lagrangian for a spin-less
relativistic massive particle, and explored a conceivable regime of a future theory of quantum
gravity in which the momentum space becomes curved. Finally, an attempt is made to illustrate
that the corresponding deformed geodesic distance in the momentum space impacts the single
particle dispersion relation by deforming it, and it is further observed that the original ‘bare’
mass of the particle gets "renormalized" as a result of noncommutativity.

In part-B, we primarily discuss the spectral triple approach of non-commutative geometry (NCG).

o There has been a recent upsurge of activities where attempts are being made to construct spectral
triple for a manifold with Lorentzian (i.e. pseudo-Riemannian) signature. We built the spectral
triple for 1+1 dimensional Lorentzian Moyal space-time using the pseudo-Riemannian spectral
triple formulation provided recently by N Franco et.al. and then computed the spectral distance
between a pair of pure states separated by a time-like interval in such space-time.

e Finally, we construct a real structure for the fuzzy sphere S? in its lowest spin-1/2 representation
by enlarging the symmetry group from SO(3) to O(3). Here, the NC coordinates satisfy su(2)
algebra, so that we have a real and even spectral triple on S?. We show that the first order
condition on the Dirac operator is violated, which should pave the way to construct an su(2)
gauge theory as a toy model and is expected to help us to study physics beyond the standard
model of particle physics.
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Chapter 1
Introduction

The current understanding of particle physics would need a significant revision to effectively explain
processes involving high energies of the order of Planck energy scale ~ 10'® GeV or equivalently at
a very small length scale Ip ~ 10733 cm. At these extreme energy levels, quantum effects of gravi-
tational interactions are expected to play crucial role. The Standard Model (SM) of particle physics,
which omits the quantum aspects of gravity, appears incomplete in this context. In fact, the energy
scales involved in SM is well below Planck scale and is of the order of ~ 10 TeV'.

On the other hand, the General Theory of Relativity (GTR), formulated by Einstein over a century ago,
is a classical field theory of gravitation. Its predictions have been subjected to rigorous experimental
tests in both strong and weak gravity regimes, with increasing accuracy. Recent observations, such
as the imaging of shadows of supermassive black holes and the detection of gravitational waves [1],
have provided unprecedented verification of GTR’s predictions. Despite these successes, there are
fundamental conceptual challenges within the theory. Singularities, exemplified by black hole sin-
gularities, and the geodesic incompleteness of space-time, as demonstrated by the Hawking-Penrose
singularity theorem [2,3], point towards the limitations of GTR. In this sense, GTR implies its own
limitations and suggests the need for a yet-to-be-developed theory of quantum gravity (QG).
However, a major challenge in this endeavor is the lack of experimental inputs and comprehensive de-
scription of the space-time structure at extremely small length scales (Ip). So we need a more in-depth
understanding of physics at extremely tiny length scales in order to integrate gravity and quantum
theory into a single theory. The convincing argument posed by Doplicher et. al. in [4] provided
persuasive justifications for the need of a revised understanding of space-time at short length scales,
which states that any effort to localize events at a scale smaller than the Planck length is thought to re-
sults in gravitational collapse. It therefore makes sense to try to incorporate this minimal length scale
or maximal localization into our framework, forcing us to consider Non-commutative (NC) space-
time as a possible contender of models of quantum space-time, where the space-time coordinates are
elevated to operators satisfying non-vanishing NC algebra between themselves. Noncommutative ge-
ometry (NCG) ought to provide a framework to consistently couple gravity with the quantum fields
of the Standard Model of particle physics.

The idea of NC space-time, however, is age-old and was first put forward by Snyder [5] in an effort to
avoid the ultra-violet divergences of field theories. The development of renormalization theory drove
these concepts to the sidelines until recently, when they reappeared in the quest for a coherent theory
of quantum gravity. Non-commutative coordinates also appear quite naturally in low energy sector of
certain string theories [6] and also in Quantum Hall effect (QHE) in condensed matter physics [7].
Specifically, spatial noncommutativity, with time regarded as an ordinary commutative parameter,
has found application in various condensed matter phenomena [8-10]. For example, it has been
employed to describe the physics of the anomalous quantum Hall effect [11] and the spin Hall ef-



fect [12,13]. Notably, the anomalous/spin/optical Hall phenomena have been explained by invoking
Berry curvature in momentum space [14] for a semi-classical Bloch electron. Intriguingly, in such
systems, the violation of time-reversal symmetry results in emergence of Berry curvature, which in
turn, leads to a classical manifestation of noncommutativity among the spatial coordinates [15]. On
the other hand, the quantization of Hall conductivity in the quantum Hall effect has been rigorously
derived using approaches rooted in NCG [7]. In the realm of 2+1 dimensions, the NCG of the low-
est Landau level assumes significance in Haldane’s recent work [16] on the geometric description of
the fractional quantum Hall effect. Furthermore, the consequences of coordinate noncommutativity
in (241)D have been explored in the context of the emergence of anyonic excitation with fractional
spin [17], where the NC parameter gets linked to the fractional spin parameter. The profound in-
terplay between space-time quantization and 2+1 dimensional gravity was masterfully expounded
upon by 't Hooft in [ 18], establishing a tight correlation between the two. This rekindled interest in NC
space-time and the formulation of quantum mechanics [19-22] and quantum field theories [23,24]
on such backgrounds.

As the Planck energy scales are believed to have occurred naturally only at the very beginning of
the universe, it is difficult to acquire verifiable evidence that would facilitate practicum at these en-
ergy/length scales. Non-commutative effects, however, are believed to be perceptible at high ener-
gies, temperatures, and densities, that are prevalent in very large astrophysical objects such as black
holes, neutron stars, and even white dwarfs. These astrophysical objects can, perhaps, be employed
as indirect sources in the quest for NC effects. Indeed, when contrasted with conventional studies,
on dense fermion gases in two-dimensional non-commutative space [25] it shows significant vari-
ations in thermodynamic behavior only at high energies and low temperatures. This implies that
under certain circumstances, the effects of non-commutativity could potentially be observed using
current technologies. Consequently, it becomes highly captivating to construct models of quantum
mechanics and quantum field theory on such NC space-times, with the aim of identifying suitable
manifestations of quantum gravity (QG) physics at low-energy regimes. These manifestations can
then be compared with existing theoretical models and subjected to experimental scrutiny, present-
ing an intriguing avenue for exploration.

Despite extensive investigations into the physical consequences of non-commutativity in quantum
mechanics, quantum many-body systems [26-28,30,31], quantum electrodynamics [32-34], the stan-
dard model [35] and cosmology [36, 37], there had been a lack of a systematic formulation even
for non-commutative quantum mechanics (NCQM) right at the operator level until the works by
Scholtz et al. [20,21]. These studies, which presented an operator-valued formulation , are specifically
tailored for two-dimensional quantum mechanics, extending the conventional quantum mechani-
cal formalism and its associated interpretations to accommodate certain types of non-commutative
(Moyal) spaces. In this formulation, the key modification lies in the utilization of more generalized
Hilbert spaces that consist of Hilbert-Schmidt (HS) operators. This expanded framework allows for
the description of the system’s states and the determination of unitary representations within the
non-commutative Heisenberg algebra. This operator-valued formulation for two-dimensional quan-
tum mechanics and its subsequent extensions to three dimensions [29] marks a significant milestone,
addressing the need for a systematic understanding of non-commutative quantum mechanics, where
one confronts, so to say, the operatorial nature of space-time coordinates head-on, rather than demot-
ing them to the usual c-numbered coordinates and compose them using star products. This helps
us to evade any kind of ambiguities arising from the use of in-equivalent star products [38,41]. This



Hilbert-Schmidt operator formulation has been used subsequently to formulate the appropriate spec-
tral triples describing Moyal plane R2 and fuzzy sphere S2. Further these spectral triples were used
to compute spectral distances a4 I2” Connes in these spaces [42].

In the above HS operator formulation of NCQM, appropriate for 2+1 and 3+1 dimensions respec-
tively, the time wasn’t treated as operators; they were just c-numbered evolution parameter as usual.
The question naturally presents itself is, whether a systematic and consistent quantum mechanical
formulation can be developed in the simplest Moyal type of space-time where the time ¢’ is also an
operator. There are two aspects of this formulation which are of considerable interest. Firstly, one
can ask whether the presence of space-time noncommutativity with time being an operator can have
an impact in a conceivable physical system. Secondly, whether the above mentioned spectral triple
formulation, appropriate for spaces with Euclidean signature, can also be extended for Lorentzian
signature and if so can one compute spectral distances between a pair of pure states representing a
pair of events in the simplest Lorentzian space-time. In fact the answers to both the questions are
in affirmative. Indeed, it has been shown in [43], that a systematic formulation of NCQM in 1+1
dimensional Moyal plane can be provided and then it can be used to show that a simple system like
a forced harmonic oscillator inhabiting such a space-time allows an emergence of geometric phase,
when the system is subjected to an adiabatic transport around a closed loop in the parameter space.
Secondly, a spectral triple formulation, appropriate for the Lorentzian Moyal plane using HS opera-
tors can also be developed and it has been used to compute the spectral distance between pure states
separated by time-like interval [44]. This is expected to be preliminary step towards the formulation
of a completely noncommutative and realistic space-time which is capable of capturing some of the
quantum gravity effects. This should therefore, provide an alternative prescription to the method of
so called Wick rotation [45]. In fact there is a broad consensus among the practitioners of NCG and
its application to the SM that the Lorentzian signature problem must be addressed head-on.

A slightly more complicated form of NC space-time is given by coordinate algebra closing under Lie
brackets. This can be linked to the curved geometry of momentum space [46,47]. Intuitively, it can be
related to the fact that, as the curvature in configuration/coordinate space enforces momentum-space
operators to satisfy non-trivial commutator algebra so conversely the non-commuting coordinates can
also be thought of as translation generators on the dual momentum space as well. Incidentally, it was
Max Born, who had speculated about the necessity of curved momentum space in the context of QG
way back in 1938 [48]. Later in the year 2000, it was shown again in [46,47,49] that the curved mo-
mentum space can be thought of as Hopf dual to NC space-time and the term ‘co-gravity’ was coined
by the authors in this context.

In the construction of a full-fledged theory of QG, the biggest obstacle is the dearth of any experimen-
tal inputs, particularly in the high-energy regimes. Interestingly, it has been proposed quite recently
in [50] that one can envisage a possible impact on the quantum origin of gravity even in the regime of
weak Newtonian gravity through quantum superposition and quantum entanglement in the infrared
regime [51]. This motivates us to look for systems exhibiting some plausible and robust features that
may survive in an appropriately chosen regime of a future theory of QG theory. And for this, we can
perhaps consider a system in a regime, where the associated length scale [ >> [p, but the mass scale
m is comparable to x : m < k. With this, we are effectively considering a scenario where both 7 and
G tend to zero, but their ratio y/7i/G ~ & is held fixed. In this regime therefore, one does not have any
surviving length scale in the system anymore, but rather a new mass scale ~  (expected to be of the
order of Planck mass mp) emerges in the system. The presence of this mass scale can have a drastic



impact on the system dynamics, like curving the space of energy-momentum [52] or simply the mo-
mentum space , thereby deforming the relativistic kinematics and dispersion relation even for a single
particle system. Since in the Lie algebraic type of non-commutativity (between the coordinates), the
NC parameter has length dimensions of the order of ~ Ip = v/AG and they effectively reduces to

k=1 = /% in the associated Poisson (or Dirac) bracket in the corresponding classical description.

Thus the classical description itself can have an access to this regime of quantum gravity. In this con-
text, we would like to mention that the well-known x-Minkowski spacetime [47,53-57], serves as a
natural toy model which incidentally was proposed by [58] in the context of double-special relativity,
where attempts were made to deform the special theory of relativity (STR) further by incorporating
this new observer independent scale «.

Several variants of xk-Minkowski space-time have been studied in the literature. Some, but not all
of them, can be described by appropriate twist, which relates commutative and NC space-time (See
for example [59]). In fact the kind of xk-Minkowski space-time which is being considered in this the-
sis (See chapter 4) is not known to admit any suitable twist. A special case of our model where the
noncommutative parameter is completely ‘time-like’, was also considered in [60] where the momen-
tum space was identified with AN(3) group manifold, which is a part of de-Sitter space. However,
there the 4-momentum did not transform as a Lorentz 4-vector thereby deforming the Poincare alge-
bra itself. So the question naturally arises is whether it is possible to retain the structure of Poincare
(is0(3,1)) Lie algebra in such a manner that the space-time commutator algebra remain stable under
the action of Poincare generators, but whose action is now necessarily deformed. In fact this point was
investigated in [61], in a more general kind of x-Minkowski space time involving 4 different space-
time deformation parameters. It was possible then to identify the structure of the momentum space
which is now parameterized by these 4 parameters. The corresponding momentum space cannot
however be identified with any symmetric space-time of any kind. Not only that, such a space-time
does not even have the property of a pseudo-Riemannian manifold. It is, nevertheless, possible to
extract some geometrical information like geodesic distance from the distinguished point P, = 0 to
any other point on the momentum space. This in turn shows the effect of noncommutativity in the
case of a simple single particle system itself through the deformed dispersion relation.

Although, the NC space-time was initially envisioned as a plausible space-time description to un-
derstand quantum gravity, Connes and his collaborators used this framework of NCG in the study of
standard model of particle physics involving a scale of energy which is several orders of magnitude
(~ 10 TeV) below the Planck scale, to produce a totally unified description of the Standard model of
particle physics [62, 63], albeit at the classical level. This model provides a conceptual framework,
which is quite successful in unifying Higgs field and other Yang-Mills gauge fields facilitating the
computation of Higgs mass [64] with high precision. Somewhat in the same spirit of Kaluza Klein
theory, although not considering the extra dimension, it takes into account a product space of the
Euclidean commutative 4-dimensional space-time with an internal non-commutative space F' in the
form of M x F', which are known in the literature as the Almost commutative (AC) spaces, where the
non-commutativity is introduced in the framework through the space F', given typically by a matrix
algebra. Note that at this energy scale one does not expect to see any effect of quantum gravity in
the form of quantum space-time. It should therefore, be quite adequate to consider a commutative
differential manifold M of usual type rather than any NC space to model the space-time. The choice
of internal space F, described again by a "spectral triple" (algebraic data to formalize geometry in
terms of algebra), is made by the requirement that it captures the gauge symmetries of the standard
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model through its inner automorphisms, while the Euclidean space M captures the diffeomorphism
symmetry through outer-automorphism, appropriate for the gravitational sector.

However, in spite of its various successes, the model has some shortcomings. Primary among them
is that the model takes the space-time to be a 4D compact Riemannian differentiable manifold M of
Euclidean signature rather than Lorentzian. Attempts are being made to circumvent this problem for
quite some time now [65] like the so-called “Wick rotation” [45] etc. However, as mentioned ear-
lier, a desirable starting point would be a formulation of Lorentzian spectral triple. There are other
shortcomings in the SM itself, which till date, has not been addressed using the Connes’ formulation
or otherwise. For example, the SM has failed (by few percent) to unify the three gauge couplings at
some high energy scale, the so called GUT scale ~ 10'6 GeV, which indicates that it may be necessary
to add other matter couplings to change the slopes of the running of the RG equations. Furthermore,
the discovery of neutrino oscillations, which imply that neutrinos do indeed have mass [66], was not
initially incorporated in the SM. However, later massive neutrinos were accommodated in SM, albeit,
at the expense of having to accept a number of additional free parameters in the theory. Besides, the
model is able to explain neither dark matter, nor dark energy. It also cannot explain baryon asym-
metry. Furthermore, the standard model has consistently defied unification with gravity. It therefore
motivates us to look for some suitable avenues to explore the regimes beyond SM by suitable amend-
ments in the existing framework of AC geometry due to Connes and his collaborators. And for that,
Connes et. al. [67,68] themselves have shown that a possible violation in the so called first order con-
dition may indeed open up such windows to investigate beyond SM physics. Emulating their findings
we have made a modest attempt by initiating our investigation in the direction of the construction of a
toy model involving SU(2) gauge theory in the framework of above mentioned Connes” AC geometry.
And for that we have chosen to work with fuzzy sphere S? in place of the finite space F. However,
in absence of any known even and real spectral triple describing fuzzy sphere we considered the even
spectral triple on S? as constructed by Watamura et. al. [69]. We have then been able to endow this
spectral triple with a real structure [70], albeit in the lowest spin-1/2 representation. We intend to
carry forward this to the construction of SU(2) gauge theory as a toy model to gain some insight into
the physics beyond SM.

1.1 Organization of the thesis

The thesis is organized as follows: In chapter-2, we have first reviewed two important mathematical
formulation- (a) Hilbert-Schmidt operatorial formulation and (b) Spectral triple formulation using
those Hilbert-Schmidt operators, which we have frequently used throughout the thesis. This thesis
is based on two types of applications of NCG and thus it is divided into two parts.

Part-A, consists of chapter 3 and 4, dealing with different prototypes of NC space-time. We have then
built dynamical models (both relativistic and non-relativistic) on such background. This is then fol-
lowed by a discussion of its effect on dynamics of the systems.

In Chapter 3, we explored the impact of non-commutative Moyal-type spacetime in (1+1) dimen-
sions, treating time as an operator on a non-relativistic time-dependent quantum mechanical system.
It showcases the emergence of a geometric phase shift which is found to have its dependence on
the non-commutative parameter. This chapter begins by focusing on a time-reparametrization in-
variant Lagrangian, which generates a non-commutative symplectic structure at the classical level.
Consequently, the Lagrangian yields a constraint equation that leads to Schrédinger equation at the
quantum level. We establish a formulation of NC space-time using Hilbert-Schmidt operators and
define a suitable "position" basis (such as the Voros basis (2.13) built out of coherent states) to rep-
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resent the Schrodinger equation in an effective commutative space-time. This provides an equivalent
commutative theory incorporating NC effects. As an application, we then consider the Hamiltonian
of a forced harmonic oscillator with time-varying parameters as a prototype for our non-relativistic
model and derive the corresponding Schrédinger’s equation. By employing a non-unitary transfor-
mation, we obtain an effective commutative description of the equation, resembling a Hamiltonian
for a generalized harmonic oscillator. Furthermore, we explore the adiabatic time evolution of the
system in the Heisenberg picture over a time period 7. This evolution results in a geometric phase
shift, which is over and above the dynamical phase and depends explicitly on the non-commutative
parameter. This phase shift serves as an indicator of effects of non-commutativity on the system.

Chapter-4 deals with a Lie-algebraic type of NC space-time, namely the x-Minkowski space-time,
where we have built up a relativistic model for a single massive spin-less particle.

In this chapter, our initial emphasis is on preserving Poincare symmetry of the xk-Minkowski space-
time. While the Poincare algebra itself remains undeformed, the requirement of covariance of the NC
space-time algebra under Poincare transformations necessitates that the actions of the algebra gen-
erators on the operator-valued space-time manifold gets suitably deformed and becomes enveloping
algebra valued. We proceed by discussing the deformed co-algebraic structure of the Poincare gen-
erators, followed by a Heisenberg double construction in a Hopf-algebroid framework that serves
as a consistency check for the previously derived deformed Heisenberg algebra. Subsequently, we
develop a model for a spin-less relativistic massive particle that upholds the deformed Poincare sym-
metry. At the classical level, this model unveils a plausible regime within a potential Quantum Gravity
theory, wherein the momentum space exhibits nontrivial (non-flat) geometry. Notably, in this intrigu-
ing scenario, only a mass scale (plausibly the Planck mass m,,) is present, while an associated length
scale vanishes. Furthermore, we derive a deformed dispersion relation by establishing its connection
with the geodesic distance in the curved momentum space. Due to the effects of noncommutativity,
the mass of the particle undergoes renormalization. Importantly, we demonstrate that under specific
conditions, the Planck mass can serve as an upper limit for the observed renormalized mass.

In part B, comprising of chapter 5 and 6, we concentrate on the spectral triple approach of NCG.
As discussed in chapter-2, spectral triple of a NC Moyal plane in Euclidean signature can be con-
structed using HS operators.

In chapter-5, we have first shown how this spectral triple can be employed to compute spectral distance
on Euclidean Moyal plane (R?) and then shown how an appropriate spectral triple can be constructed
for the Lorentzian Moyal plane R™! and in turn can be used to compute the spectral distance between
a pair of events, which are now represented by a pair of pure states, separated by time-like intervals.

In chapter-6, we have introduced the Euclidean spectral triple for a 2D fuzzy sphere S? by using
the novel form of the Dirac and Chirality operator describing a SU(2) covariant even spectral triple,
introduced by Watamura et. al. in [69]. We then derived a real structure operator so that it can now
be upgraded to a real and even spectral triple. To do so, we had to enlarge the symmetry group of
the fuzzy sphere from SO(3) to O(3). This spectral triple, however, violates the first order condition,
opening up new possibilities to further investigate some toy model of gauge theory using the above
spectral triple as internal finite space and employing almost-commutative framework to get some in-
sight into the physics beyond standard model.

In chapter-7, we have made some concluding remarks by summarizing the set of important results
obtained in the thesis and indicated some future prospects.



Chapter 2

Brief review of Hilbert-Schmidt (HS)
operatorial formulation of the spectral
triple for Moyal plane (]Rg)

2.1 HS operator formulation on R’

In [20,21], a HS operator-based formulation for NC quantum mechanics on Euclidean Moyal plane,
was developed for the first time. It was discovered that it is mathematically structured almost in the
same way as usual quantum physics and allows one to avoid the use of any star products and ambi-
guities arising thereof as described in chapter-1.

In non-commutative spaces coordinates are elevated to the level of operators and their commuta-
tion relations involves a NC parameter(s) and are associated with minimum length scale(s). The
simplest example being the 2D Moyal plane, defined by the following commutator algebra

&1, 2] = 0. (2.1)

which is ISO(2) invariant algebra. This leads to the following uncertainty relation satisfied by the
coordinates:

Az ALy > g (2.2)
where § which has the dimension of squared length is the NC parameter and is taken to be related
to the minimum length scale-presumably [p if applications in QG are envisaged. The phase-space
algebra remains as usual! given by

Note that we have been working with the natural unit # = 1. Together, (2.1) and (2.3) constitute
the NC Heisenberg algebra (NCHA). In order to provide a suitable representation of the coordinate
algebra (2.1) we can construct the following Hilbert space H., as

M, = Span{|n) = %@Wox b0} = x\j@ 0) =0} (24)

1One can also consider non-vanishing brackets between the momentum operators [71] and a deformed phase-space bracket
which naturally arises in Lie-algebraic type of noncommutative coordinates [61] (discussed in chapter-4).
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After we've specified #., namely the configuration space, we'll build the non-commutative quantum
Hilbert space. For that we first introduce the associative NC operator algebra (Ag) generated by
(i1,#2) or equivalently (b, b') acting on the configuration space .. (2.4) as

Ag = {|9)) = ¥(d1,22) = (b, bT) }jczmmznu (2.5)

which, subject to the identification [b,bT] = 1, may be regarded as the universal enveloping algebra
corresponding to (2.1) and is effectively the set of all equivalence classes of polynomials in &; or
(b,bT) 2. Ttis important to note that Aj is not yet a Hilbert space, as is not yet equipped with any inner
products or norm structures.

We can now introduce a subspace H, C Aj as the space of ‘Hilbert Schmidt’ (HS) operators, which
are bounded and compact operators with finite HS norm, and is given by,

Hy = {01,82) = [0(01,80)) € BOLY: [Wllns = \f1re(wiv) <of < do 26)

where ||| g s is the Hilbert-Schmidt norm and ¢r. denotes trace over the Hilbert space H. and B(#.) C
Ay is a set of bounded operators on H... So it is worth noting that the algebra .A = H,, is a dense sub-
space of B(H.), which can be identified with a C*-algebra, where the s-operation denotes hermitian
conjugation, serving as an involution. The space H, is equipped with the inner product

(¢(£1,@Q),¢(£1,£2)) = tr, (W(@l,f;g)w@l,@g)) (2.7)

and therefore is a Hilbert space. One may note at this point that, the quantum Hilbert space for the
commutative QM, is the set of square-integrable coordinate functions, the appropriate generalization
of which to the non-commutative scenario is the space #, of Hilbert-Schmidt (HS) operators. By
defining the multiplication map p : H, ® Hy — H, as shown below, we may endow H, with the
structure of an algebra :

(1) @19)) = 166) Vb6 € 1, (2.8)
Also, a general HS operator such as 1) := |¢)) € H,, can be expanded in the Fock basis (2.4) as,
=" Crnlm)(n] (29)
—bth

Now making use of the identity |0)(0] =: e :, where the colons represent normal ordering of the
operators [72], one can see that A = H, can be recast as a polynomial algebra generated by b, b' as,

Zcmn |O O|f Z Cm” L l)l (I;T)7n+l(6)n+l € H, (2.10)

m,n,l

which is automatically in the normal-ordered form. Itis important to note that [¢|%,s = >, . |Crun|? <
oo, which satisfies the requirement of finite norm of a Hilbert-Schmidt (HS) operator.

Now, we define the quantum space-time coordinates (X;) and associated conjugate momentum op-

m,n

2The elements of . and Ay are indicated, respectively, by the angular ket |.) and the round ket |.), as a matter of notation.
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erators (]52-) and their action on a generic element ’1/)(55 1, :%g)) € H,4 is given as,

e

i) = 18), P =

@74 (2.11)

Since their domains of actions are distinct, upper case letters X;’s are used here to set them apart
from their lower case counterparts Z;’s : while Z;’s act on H., X,’sacton ‘H,. However, as they adhere
to the isomorphic commutator algebra, [X;, X;] = ife;;, X; may be seen as the representation of ;.
It is simple to demonstrate by using (2.11) that (X;, P;) satisfy the identical NC Heisenberg algebra
(2.1 ,2.3). As they act on the space of operators, these new operators might be regarded of as “super
operators”. In fact, they all can act on the entire Aj.

Position Basis:

As the position operators do not commute in this case, the idea of position can only be retained by em-
ploying the minimal uncertainty state, which are maximally localized through coherent states [21].
Following the example of coherent states of the Harmonic oscillator, one may propose states of least
uncertainty in the classical configuration space (2.4) as

) = e 0y € H,;  satisfying  b|z) = z|2) (2.12)

The uncertainty relation (2.2) is then saturated in these coherent states. From this we can construct a
coherent state basis belonging to the H, (2.6) as

|2,2) := |2)(2| satisfying B|z,z) = 2|z, 2) (2.13)

where B = X4 g the counterpart of b operator in Mgy The above basis satisfies the over-

completeness relation given by

d2
/ —Z|z,2) *v (2,2 =1 (2.14)
m
where the outer product is composed with respect to a non-local Voros star product given by

R A (2.15)

*V oL

The associated basis |z, Z) or alternatively labeled as |Z)y := ﬁ |z, Z) is called the Voros basis which
corresponds to the position basis for Moyal plane, which satisfies

20 / di |Z)y *y v(@ =1, and v (@), = e [@—w) H(z2—a5)’] (2.16)

S|

where z1, x2 are the expectation values of 1, Z2 in the coherent state basis |z) i.e. Z := (z|Z]|z).

We can now introduce yet another “position-like” basis in the Moyal plane, namely the Moyal ba-
sis [38]

- L
] (217)
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p) = \/ze‘“ﬁ'% (2.18)

is the eigen basis of the commuting momentum operators P as P |p) = pi |p) satisfying orthonor-
mality and completeness condition as

where

@) = - i), / p 5) (7] =1 (2.19)

The Moyal basis |Z),; is the joint eigen-basis of commuting operators X¢ as,

A A 1, 4 . A 0 A A A
X{l#)m = wil#)m;  where X = o (XJ + X[T) = Xi + Jei; Py and [X7,X71=0  (220)
The above relation connecting commutative X¢ to NC coordinate X; is famously known as the ‘Bopp
shift’ [39]. These basis also satisfy completeness condition as given by

/d2$|f)]\/[ *M ]\4(f| = / d2$|f)]u A,f(f| =1 (221)

where the operation x); is given as
0 i1 5 5
wap = e 30 (2.22)

Both Voros and Moyal bases gives the position bases for NC quantum mechanics, with respect to
which we can take the overlap of any abstract state 1) € #, to give its corresponding position repre-
sentation or symbols: Y v () = v (z|1)). However the representation of composite states 1), ¢ as
shown in (2.8), is given by the respective star product of two individual symbols:

M/V(JJW@ ~ M/V(JJW) *M/V M/V($|<ZA5) (2.23)

At this juncture it is important to point it out that, in the traditional way of analyzing quantum field
theories on NC space-times, one typically demotes the aforementioned operator valued coordinates
Z; to c-number valued coordinates x;, but now composing through suitably specified star-products.
The Moyal and Voros star-products are the two most used products out of a wide range of available
options. The respective star-brackets yield coordinate algebras which are isomorphic to (2.1) in both
the cases :
1 2 _ 2 1_
T kv T — T Ky 0 =06 (2.24)

Although mathematically these two star products are formally equivalent, there are, however, a num-
ber of subtle differences as well. The Moyal representation is defined on the space of functions that
are of Schwartz class in configuration space, while the Voros representation is defined on a smaller
subspace where it is required to be smooth at a small length scale ~ v/6; the high momenta modes
get suppressed exponentially. Note that, the map T" = ¥ relating the representation of a state 0

~ 2 ~
in Moyal and Voros basis as v (Z|1)) = 4/ %e% M (Z[Y), is not invertible on the space of square inte-

grable or even Schwartz class functions [38].

Also, it is evident that the commuting position coordinates X¢, of which the Moyal states (2.17)
are common eigen-states of X{, cannot play the role of physical position observables as this will vi-
olate the minimum uncertainty in position (2.2) deriving from non-commutativity. The Moyal basis
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are therefore unphysical in the NC quantum mechanical setting, in which case we cannot prepare the
system in a Moyal state. In other words, the physical meaning of the quantum number z;. must
be different from physical position. In contrast to the Moyal basis the Voros basis does not violate
the minimum uncertainty in position. Indeed, they represent the optimal spatial localization and
allows the standard quantum mechanical interpretation of weak measurements [38]. From the non-
commutative nature of space it is clear that the conventional interpretation of strong measurements
based on projective valued measures cannot apply. Instead one must think about position measure-
ment in the sense of a weak measurement based on a positive operator valued measure (POVM),
which is satisfied by Voros basis [38]. Also note that, the Voros star product naturally occurs when-
ever coherent states are utilized as basis in the quantum Hilbert space. All the above discussion in-
dicates the fact that although mathematically both the star products are equivalent at a formal level,
only Voros star product and the associated Voros basis, can serve as the physical framework to de-
scribe a maximally localized states.

The physical in-equivalence between Voros and Moyal position bases on this operator formalism was
demonstrated in [38], by computing the free particle transition amplitudes using the path integral
formalism [38,40]. Although, these analysis were limited to the level of non-commutative quantum
mechanics, similar conclusions were made in [41] in the context of QFT on non-commutative spaces,
despite the fact that the position variables are no longer observables in the context of QFT and are
essentially the labels of continuous degrees of freedom.

2.2 Geometry of Non-commutative space-time: Spectral triple

The fundamental concepts like points, geodesics etc. of Euclidean and Riemannian geometry do not
survive in a generic NC space because of the inherent uncertainty conditions satisfied by the space-
time coordinates (See for example (2.2)). In order to study the geometrical aspects of such NC spaces,
we are therefore forced to take recourse to the framework of NCG, as developed by Alain Connes [73].
The study the geometry of non-commutative spaces involves, arguably, the most generalised math-
ematical approach to extract geometrical informations from the algebraic structures defined on the
space. To start with, the well-known Gelfand Naimark theorem [74] is generalized and adapted in
the framework of non-commutative geometry, which primarily involves a duality between a topolog-
ical space and algebraic structure defined on that space. More concretely, according to this theorem,
the category of compact Hausdorff topological spaces is dual to the category of unital commutative
C*-algebras (algebras of continuous complex valued functions). This duality between topological
spaces and commutative C*-algebras is then extended to include non-commutative C*-algebras, and
thus one can speak of the "non-commutative space" as dual to a NC C*-algebra. We can learn about
the topology of a space M by studying the C*-algebra A defined on it. But to capture the geometry
Connes introduced the so-called "Spectral triple" (A, D, H) [75] consisting of an involutive algebra A
acting on a Hilbert space H taken to be the space of normalizable spinors, through a representation
7 along with an unbounded, self adjoint operator D, which is the generalized Dirac operator also
acting on H. The spectral triple with certain axioms [76] generalizes the notions of manifolds (topo-
logical spaces with additional structures) and differential geometry. Thus, a spectral triple defines
a ‘non-commutative manifold’, where the algebra A provides topological information and the Dirac
operator D provides the geometric information. In this way, one can discuss the “quantized differ-
ential calculus" known as "Non-commutative differential geometry" [75] of a quantized space using
algebraic objects defined on that space. Furthermore, Connes provided a distance formula known as
the "Spectral distance", between a set of pure states of the corresponding C'*-algebra A. These pure
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states are the counterparts of the points in Riemannian geometry and are given by normalized pos-
itive functionals on A. For a generic Riemannian manifold M the C*-algebra C'(M) is commutative
and the states are given by the Dirac’s ¢ functional. This spectral distance generalizes the concept
of geodesic distance without invoking any path. The Dirac operator D is required to satisfy certain
conditions such as

e The operator D has a compact resolvant (D — \) 1.

e The commutators [D,7(a)] Va € A are bounded, where 7 is some suitab;e representation of
the algebra, by which it acts on H.

With this, D~! or, in general, (D — \)~! plays the role of infinitesimal distance and if p, and p,, are a
pair of pure states of the algebra A then the spectral distance between this pair of pure states is given
by

d(p=; puw) = supilp=(a) = puw(@)l} (2.25)

where B is the ball defined as
B={a:|[D,7(@)]llo, <1} (2.26)

This generalizes to the conventional geodesic distance between two points on a smooth, commutative
manifold.

In the context of spectral triples, an even spectral triple is characterized by the presence of a self-adjoint
unitary operator known as the grading or chirality operator, denoted by ~, acting on the Hilbert space
H. This operator commutes with the representation 7(A) : [y, 7(a)] = 0 and anticommutes with the
Dirac operator D : {v,D} = 0. An even spectral triple of a finite space is said to be real, if there
exists an antilinear isometry J : # — H, such that it maps the representation of the algebra element
7(a) to the corresponding opposite algebra representation: 7(a®) = Jr7(a*)J}. Moreover, J should
satisfy certain properties such as J2? = ¢; JD = ¢DJ; Jvy = ¢'vJ; €€ ,¢" € {1,-1}. The
signs ¢, €, ¢’ depend on the KO-dimension n modulo 8 of the finite space, according to the following
table [158]: While there are further axioms for a spectral triple to fully describe the topological and

n|0|1|2|3|4|5|6]|7
e (1|1 |-1|-1]-1]-1]1]1
e l1j-1{1 |11 ]-1]1]1
e 11 -1 1 -1

Table 2.1: Properties of Jr associated with KO dimension

geometric properties of a general space, these additional axioms are not necessary for computing
spectral distance. Rather, these additional structures are used in the formulation of gauge theories
involving fermionic fields, particularly, in the Standard model [75]. In a spectral triple, it is the Dirac
operator that provides geometric information and consequently plays a crucial role in studying the
metric properties of a given commutative/NC space of Euclidean signature.

We have briefly shown below, some examples of distance computation in some simple continuous
and discrete spaces such as real line R! and two point space.
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Distance in R!

The spectral triple of a 1D real line R is given by:

A=C>RY), H=L*R"), D= 4
dx
Action of A on H is given by (n(f)¢)(z) = f(x)y(z) Vf € A, v € L*(R!) is a single component
spinor. Using the above spectral triple the Ball condition (2.26) reduces to

= = I < 1

Pure states 0, on A are defined as the evaluation map, J,(f) := f(z). Note that for any function
f € C>(R'), the ball condition % < 1 selects functions that have a slope % bounded by 1. This con-
dition ensures that the supremum of the difference between these functions is limited by the distance
between the points at which the functions are evaluated. The functions that achieve this bound are
given by f(x) = +x + k, where k is a constant. Thus, the distance between two such states can be
expressed as follows:

6,28, = s {1560 = sl < | | <1} =1 ) (227)

This reproduces the distance between two points z,y in R'.

Distance in 2-point space

Now, let’s examine the simplest example of a finite space, which consists of only two points. In this

space, the corresponding algebra is A = C @ C, where the elements f are represented by pairs of

complex numbers (f(x), f(y)), representing the evaluations of the function f € A at the points = and

y, respectively.

The Hilbert space is also taken to be C?, on which the algebra 4 acts through diagonal representation:
_(a O\ (f@) _ (af()

me)f = (0 a> <f(y)) a (af(y>>'

The hermitian Dirac operator is given by [77]

0 A
D_<A 0), AeC

The pure states representing only two points «, y in the 2-point space is represented by p, = (é) (1 O) =

1 0 0 0 0 .
(O O) and p, = ( 1) (0 1)= <O 1) respectively.

The evaluation of an algebra element f on the pure states are defined by p,(f) = tr(p.7(f)) = f(z)
and p,(f) = tr(py7(f)) = f(y). Now the Ball condition (2.26) here reduces to ||[D, 7(f)]llop =
|f(a) — f(B)||A] < 1. So the distance between two point x and y in this discrete space is given by

dlpe,p9) = sup {150~ )] < 1F(@) ~ FWIAT €1} = (228)
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which blows up if we choose A = 0.

2.2.1 Spectral triple for R}

Here we review the construction of the spectral triple (A, D, ) of a Moyal plane contained in the
geometric data, whose coordinate algebra is given by (2.1).

The algebra A of RZ is given by H,, (2.6), which forms an associative algebra (See (2.8)).

The Dirac operator for the Moyal plane is simple generalization of the R? Dirac operator given by

D= (01P) + 02 P) (2.29)

where the adjoint action of P;’s are given as (2.11). Since it is only the Hilbert space #, that fur-
nish a complete representation of the entire Heisenberg algebra, the Dirac operator (2.29) acts on the
spinorial space C? @ H,, rendering it as the Hilbert space for the spectral triple, which is also an A
bi-module, as it allows both left and right action of the algebra on it. Although, as we shall see in the
following, that as far as the computation of distance is concerned we can take our Hilbert space to be
C? ® H. only.

As we can see from the Ball condition (2.26) in the distance formula (2.25), we need to calculate the
operatorial norm of the operator [D,7(a)], a € A for the calculation of distance. So let us now take

a generic state ® = (21> € C? ® H, and compute the action of the above operator on it,
2
2 0 [ibt, ]
D O =4/- - o 2.30

a 0

where we have used a diagonal representation of the algebra element ¢ as m(a) = ( 0 a) and the

action of D on the state ® using (2.11), as

2 ([t @]
o \/; <[—ié7 ¢11> ’

So from (2.30), we can read of the form of the Dirac operator as

2( 0 bt
o5 (5 %)

for its action on any arbitrary state ®. However note that all actions of the algebra element a or
the Dirac operator D on the state ®, involves only left actions in the above computations. So our
Hilbert space does not have to be a bi-module when computation of distance is concerned and we can
instead work with C? ® H., which is a left module of the algebra A = #,. Finally, considering the
transformation b — iband bt — —ibf, which is just a SO(2) rotation by angle 5 inthe x; — x5 plane
(recall that our coordinate algebra (2.1) is SO(2) invariant), the Dirac operator (2.29) can be recast

simply in the following form:
2 (0 b
D=4/21" 2.32
\/; (b 0) (2.32)
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1)
|12)

spectral triple for Moyal plane with Euclidean signature is given by

2 bt
A=H,, D—\/;(g %) H=C®H,

which clearly has a well defined left action on ¥ = ( ) € C? ® H,. So finally, the appropriate
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Chapter 3

Nonrelativistic system in
non-commutative space-time:
Emergence of geometric phase

To this day, numerous questions remain unanswered regarding the nature of time and its fundamen-
tal status in quantum theories. It is still unknown whether our current understanding of space-time is
entirely consistent with both quantum mechanics and special relativity. A noticeable asymmetry ex-
ists between the treatment of space and time coordinates, with time being considered as a c-numbered
parameter of evolution rather than being elevated to the level of operators, in contrast to spatial coor-
dinates. However, to formulate a feasible theory of quantum gravity (QG) we must treat space-time
at an equal footing so that the constructed model obeys at least the Lorentz symmetry. In fact, as
described in chapter-1, we might need to develop such a plausible QG theory on the background of
quantum space-time. In order to explore the emergence of quantum space-time, one can consider
a scenario involving a superposition of two mass distributions. According to Penrose’s argument
in [78], this superposition, acting as feedback within the framework of Einstein’s General Relativity
(GR), would give rise to a superposed geometry or quantum space-time. However, it is expected
that such a quantum space-time would lack time-translational symmetry, leading to inherent uncer-
tainties in both energy (§E) and time (dt). This argument suggests the necessity of reevaluating the
status of time in quantum theory and check whether the time 't’ should also be promoted to the level
of an operator, alongside the position variables or not (as discussed in [4]). Although, the issue of
time in the context of quantum mechanics itself, has been a longstanding problem in physics. In this
context, one can recall the objections raised by Pauli, who observed in [79], that if time ‘¢" were also
be treated as a quantum operator, the energy spectrum would no longer be bounded from below.

In light of these considerations, it is intriguing to explore the characteristics of quantum mechanics
with operator-valued time coordinates, as extensively investigated in [80-84]. Noteworthy contribu-
tions have been made by T. D. Lee [85], who demonstrated the formulation of time as a dynamical
variable in non-relativistic field theories using a path-integral technique. Several previous works in
this area [24, 86, 87,89] have yielded intriguing findings, such as the discretization of time [88,89],
supporting earlier results by 't Hooft in (2+1) dimensional quantum gravity [90], as well as revi-
sions of the spin-statistics theorem in non-commutative (NC) space-time leading to non-Pauli-like
transitions [91]. Furthermore, in [92], the authors have presented an intuitive development of non-
relativistic non-commutative quantum mechanics (NCQM) in 141 dimensional Moyal space-time.
This approach requires the construction of an equivalent commutative theory, evading the Pauli’s ob-
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jection [79], and facilitating the exploration of concrete results in this context.

One can, at this stage, wonder about the imprint of NC nature of space-time in a low energy sys-
tem as NC effects are expected to show up only at the very high energy scale. In this context, we
can recall, that the very foundation of the non-relativistic quantum mechanical wave equation due
to Schrodinger, lies on de Broglie’s matter-wave relation A = % which can be rewritten in the form

of 7 = hk and recognize that along with the Planck’s relation E = hw, they can be identified as the
spatial and temporal components of the equation p* = hk* , where p* and k* correspond to energy-
momentum four vector and wave four vector respectively- transforming appropriately under Lorentz
transformation. In other words, relativistic considerations have been incorporated in the construc-
tion of non-relativistic Schrodinger’s wave equation. Like-wise, it is quite conceivable that perceived
NC effects may be incorporated in suitable form even in some effective commutative descriptions
(See for example (3.24),(3.25) in section-3.2). Besides, the construction of quantum mechanics of
one particle on quantum spaces gives us a stepping stone to see the impact of noncommutativity in
a simpler setting before jumping into investigations involving many particle systems or to the full
fledged quantum field theoretical systems. Also, it is conceivable that there might be certain fin-
gerprints of non-commutativity in the low-energy regime, due to incomplete decoupling between
the high and low energy domains. Therefore, with this motivation in mind, in this chapter we have
explored the effect of NC space-time in a non-relativistic quantum system. Particularly, we have in-
vestigated the existence of any geometric phase in a time-dependent dynamical system placed in a 2D
Euclidean Moyal space-time. Recently, the authors of [93] has shown a link between semi-classical
quantization of gravity and geometrical phase. In addition, it has been demonstrated that the state of
a sensor correlated to a quantum field gains, as a result of its motion in space-time, a geometric phase
that is a functional of the detector’s path and is dependent upon Unruh temperature. It’s interesting
to note that this phase appears to fall within detectable limits at acceleration levels as small as ~ 10
m/s?. Therefore, even at this tiny acceleration, one may empirically discover the Unruh effect by mea-
suring the Berry phase!. This implies that the geometric phase encapsulates information also about
the Unruh temperature. However, since there is still a dearth of studies investigating the relationship
between the Berry phase and quantum gravity within the framework of quantum space-time, we are
therefore motivated to explore the relationships, if any, between NC space time and the formation of
geometrical phase in a dynamical system.

For our study, we have first recapitulated the formulation of NC quantum mechanics considering
time as an operator valued coordinate [92] emulating the HS operatorial formulation as described
in chapter-2, followed by the extraction of effective Schrodinger’s equation in such NC space-time.
As an application we then consider a forced harmonic oscillator, having periodically varying time
dependent parameters, in a Moyal space-time. Following [92], we were able to obtain the effective
commutative Hamiltonian of the above system which gives a generalised harmonic oscillator Hamil-
tonian, with perturbations that are linear in both position and momentum. Then, through the slowly
changing time dependent coefficients, an adiabatic development of the overall Hamiltonian is exam-
ined. Proceeding as that of [71] we have looked at the time evolution of the ladder operators (with
which the system is diagonalized) in Heisenberg’s picture. We have demonstrated that the adiabatic

1 At this point, it may be recalled that M. Berry demonstrated [94,95] that the state of the system, described by a set of time
dependent parameters, when transported adiabatically around a closed loop in the parameter space, develops an additional
phase factor in addition to the standard dynamical phase. It is important to emphasize once more that, Berry’s phase, has no
bearing on the time evolution, but rather it solely depends on the geometric nature of the parameter space.
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change of the system over an entire period of time 7 leads to a total phase that includes the typical
dynamical phase as well as an additional geometrical phase shift in the operator, which disappears
in the commutative limit.

The chapter is organized as follows:

In section-3.1, we presented a review of the time-reparametrization invariant formulation for a non-
relativistic particle in commutative space-time. At the quantum level, this formulation led to the
emergence of the Schrodinger equation as a constraint equation, laying the foundation for its exten-
sion to non-commutative (NC) space-time in (1+1) dimensions, which we discuss in section-3.2.1.
Moving forward to section-3.3, we considered a forced harmonic oscillator system in NC space-time
and employed a coherent state basis to derive an effective Hamiltonian that describes the time evo-
lution through an effective commutative Schrodinger equation. By performing an additional time-
dependent unitary transformation, we transformed the model into a time-dependent generalized
harmonic oscillator (GHO) system. The ladder operators of the GHO system were then subjected
to an adiabatic time evolution over the time interval 7, leading to the generation of both the Berry
phase and a dynamical phase, as discussed in section-3.3.1. Finally, in section-3.4, we present some
future prospects of our work as concluding remarks.

3.1 Reparametrization symmetry and ‘commutative’ Quantum Me-
chanics

This section begins by briefly introducing the concept of a classical action that is time-reparametrization
invariant. We recall the Lagrangian formalism (non-relativistic) in which the usual commutative time
t is considered as configuration space variable along with the position coordinates [96] in an enlarged
configuration space.

We consider the Lagrangian L*(z,#,t) of a dynamical model in 2D and treat time ¢, as the zero’
component of a generalised coordinate z* : 2% = t. Next, we propose a new evolution parameter
T for the system’s trajectory, for which we just require that, ¢ is a monotonically increasing function
of 7 : t = t(). So with the identification dt = {dr and i* = (%) with 2° = t,z! = z, the time-
reparametrization invariant form of action [97] can be written as

S:/dtLt (x7(z,t) z/deLt(x,:b,t7i)=/ dr L™ (", i) (3.1)

This action is invariant under the world line reparametrization 7 — 7/ = 7/(7), with z#(7) trans-
forming as world-line scalars: z#(1) —  #(') = z#(7). Note that L7 (z*, #*) in (3.1) is our modified
Lagrangian. As an example, let us consider the Lagrangian of a non-relativistic particle in presence
of a generic potential V' (z, t):

h

2
L'z, 2,t) = %m (Z) - V(z,t) (3.2)

Considering the evolution parameter to be 7, the corresponding modified Lagrangian of the theory
is given by,
1 a?

L™= -m~ —t .
5™ tV(z,t) (3.3)



3.1. Reparametrization symmetry and ‘commutative’ Quantum Mechanics 24

The corresponding canonical momenta are given by,

B dL™ & dzx
t

Pe="0e =T T
dL™ m [ dr\> p?
bt dt 2 <dt> Via,t) 2m V(1) (34)

where H = % + V(x,t) is the canonical Hamiltonian corresponding to (3.2). There exists a primary
constraint in the theory as can be seen from (3.4) and is given by

where the notation ~ is used to denote weak equality a la Dirac [97,98]. The Hamiltonian corre-
sponding to the modified Lagrangian L™ (3.3) is proportional to ¢ (3.5) and therefore also vanishes
weakly:

H™ =pit+ppi— LT =t~ 0 (3.6)

So it is evident that the system has a first class constraint ¢. The total Hamiltonian for constrained
theory according to Dirac’s prescription is then given by

Hy,=H" +o(r)p=0(1)p (3.7)

where o(7) is the Lagrange’s multiplier. Now we can perform the inverse Legendre transformation
and write the Lagrangian in its first order form as

Ly =puit —o(7)(pe + H), nw=0,1 (3.8)

It is worth noting that in the first order formalism, the configuration space is expanded further by
including the canonical momenta as generalised coordinates. We can now simply perform the proce-
dure of Dirac’s constraint analysis [97,98] for the above Lagrangian (3.8) to discover one major first
class constraint and two pairs of primary second class constraints. We then strongly implement the
system’s second class constraints by introducing Dirac’s brackets (DB), which are given by

{z",2"}p = 0=A{puw,pv}p; {2",p}p=06"" (3.9)

Now one can easily carry out canonical quantization after elevating the phase space variables (¢, z, p;, ps )
to the level of operators and the Dirac brackets to the status of commutator brackets fulfilling

(2] =0=[pr, 0],  [Loe] =i=[2,p:] (h=1) (3.10)

We then seek for a suitable Hilbert space on which these operators act and therefore furnishes an
appropriate representation of this algebra. The quantum analogue of the 2D configuration space is
now the Hilbert space L?(R?). We can here provide the simultaneous “spatio-temporal" eigenbasis
|z, t) of the commutating operators # and 7 fulfilling

tla,t) =tz t), &|z,t)=a|z,t). (3.11)
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which satisfy the completeness and orthonormality condition as follows :
/dtdm o) (ot =1, (atlt 2} = 6t — £ )0(z — ) (3.12)

The coordinate representations of phase space operators are given by

<~L’7t|5€|1/1> = <£L’,t‘1/1> 5 <l‘,t|£‘7/)> =t <~T7t|¢>

N ) A _ (3.13)
(2, t[pa|th) = —10x (m, |9}, (x, tpe|ip) = —iy (x, t|¢))
where ¢(z,t) = (x,t|) € L*(R?) satisfies the following square-integrability condition:
Wl = [ dde v (@, (o, 8) < o0 (314)
The associated inner product is given by
<P|p > /dtdcmb*(x,t)qﬁ(at) (3.15)

However, in order to get a suitable probabilistic interpretation of non-relativistic QM, we need to
isolate the physical Hilbert space, which is the kernel of ¢ i.e.

élwph,i) = (Pt + f{) [Yphy) = 0, (3.16)

where ¢ is the operator form of the first class constraint (3.5) [96]. This is equivalent to requiring that
physical states be gauge invariant.

The temporal evolution of the physical states or wave-functions (< z, t|tphy >:= Ypny (2, 1)) is easily
obtained from the coordinate representation of the quantum constraint equation (3.16) as

;0 = 1 & \%4 3.17
Zawphy(mj) - <_2m81‘2 + (f,t)) ¢phy(‘r7t) ( . )

which is what we refer to as the time-dependent Schrodinger equation. It is important to note that it
is independent of the parameter 7 since its 7-evolution, which is nothing more than the unfolding of
the gauge transformation caused by the first class constraint ¢ (3.5), has been frozen, as can be seen
by using (3.6, 3.16).

In order to get the probabilistic interpretation of this Schrodinger equation, we must first note that
the corresponding continuity equation, given by

Op  0Jy
ot or

0 (3.18)

with p = ¢, (2, 6)¢pny (2, t) and J, = 5 Im(w;hy(x,t)gz/}phy(m,t)). Correspondingly, after per-

2m
forming a spatial integration in both sides of (3.18) we can write,

Bt/ pdx = —/ (0pJz)dx =0 (3.19)

where we have leveraged the fact that our physical wave-function satisfies ¥5, (x,t) — 0as z — %00,
as opposed to (3.14) where we additionally demand ¢ppy(z,t) — 0 as t — oo, which obviously
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will not be acceptable for a probabilistic interpretation. As a result, the non-negative p may be read
as a probability density, and this condition of physicality of state defined on a ”space-like surface”
shows the conservation of the total probability [ pdz. The variable ¢ now serves as the evolution
parameter, as may be recognised from the statement of the continuity equation (3.18). As a result,
in order for ¢y (z,t) to be “well behaved," it must be normalizable and meet the following square
integrability criterion at constant time slice

oo

<1/)phy"l/)phy>t = / dx ¢;hy($7t)¢phy(%t) < oo (3.20)

— 00

In other words, the physical states fulfilling (3.17) cannot be the elements of the Hilbert space L?(R?).
We will, however, limit our focus to physical states, and henceforth we will no longer use “phy" in the
subscript and will write it just as ¢ (x, t) for brevity, except when needed explicitly. So the probabilistic
interpretation is recovered by substituting the inner-product (3.15) with one that simply includes a
spatial integration at a fixed time slice:

(Wlg), = /t dz " (z, 1) (. 1). (321)

This will be referred as “induced inner product". It is evident that, states satisfying the inner product
of L*(R') space (3.21) might not be an element of L*(R?) (3.15).

For example, let us consider a stationary state of the form ¢ (z,t) = e "Fl)(z) with energy E.
Evidently, ¢¥p(z,t) € L*(R!) but ¥g(x,t) ¢ L?*(R?). But note that this state can be expressed as a
superposition of plane waves with various momentum p as g (z,t) = [ dpe "Ft=P2)y(p), where
the exponential %e‘i(Et_pz) := (z,t|E, p) is the overlap of simultaneous eigenstate |E, p) of both p,
and p,, with the basis |z, t) (3.11). Now considering a pair of such stationary states | E, p) and |E’, p’),
one gets, using the inner product (3.15),

(E',p'|E,p) =6(E" = E)d(p" — p) (3.22)

This proves that for same energy eigenvalues i.e. E’ = E, the right hand side in (3.22) diverges. On
the other hand, if we use the induced inner product (3.21), it yields

(B, 1|1, p)e = 500 —p) (323)
It is nothing but the standard orthonormality condition involving momentum states that is devoid of
such divergence. As we will see in the following section that an identical situation exists in our type
of NC space-time. In either scenario, we will primarily work with this induced inner product, or more
broadly between pairs of wave packets such as |¢) and |¢) (3.21), in order to retrieve the probabilistic
interpretation using this inner product of L?(R").

Finally, observe that the self-adjoint property of the derivative representation of p, = —id; in (3.13)
no longer holds in the Hilbert space L?(R!) with associated inner product (3.21) because it is not
possible to demand that | ¢(z,t) |— 0 as | t |— oo as mentioned above, which is needed in L?(R?),
to perform integration by parts with respect to 't’ and drop boundary term. As a result, we will ex-
clude 7 and p; from the dynamical phase-space variables. The former is now associated with the new
evolution parameter after being “demoted" to a c-number parameter and losing its link with p;. As a
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result, (3.17) is now considered a postulate.

3.2 Quantum mechanics on non-commutative space-time

The analysis of a typical time-independent system in NC space can result in some changes of system’s
dynamics, as was demonstrated earlier in [38]. For example, modifications are made to the form of
the system’s propagator and the wave function of the system is also deformed. However, when such
a system is put in the background of a NC space-time (i.e., where time also functions as an operator),
the system dynamics yields the same result as that of commutative system and no NC correction is
obtained in the Hamiltonian and therefore in the spectrum of the system (Appendix-A). This encour-
ages us to investigate a time-dependent system living in an NC space-time and look for NC effects, if
any.

Here we take into account the time-dependent Hamiltonian of a forced harmonic oscillator (FHO),
which is well known to have several uses in quantum optics. The main inspiration for this was the
Hamiltonian structure presented by Mehta and Sudarshan [99], which demonstrates that coherent
states continue to remain coherent during time development if the Hamiltonian’s general form is re-
quired to be that of an FHO. Authors have used a similar Hamiltonian to demonstrate that an FHO
coupled to a transient classical force may be simply characterised in terms of coherent states in [100],
which is highly helpful in characterizing the light from optical masers. Therefore, finding the above-
mentioned signature in the form of a geometric phase in such a system will be an interesting problem
to investigate. To do this, however, we must first establish the formalism of quantum mechanics (QM)
in which time is an operator in NC space and time. In this section, we're going to discuss about it.
Before that, let us begin with a simple example to demonstrate how the NC configuration space may
appear in a typical classical dynamical system.

To achieve our goals, we can modify the first order Lagrangian L} (3.8) by adding a Chern-Simon
(CS) type term in the momentum space [101]. This is inspired by [102,103], where it was demon-
strated that the phase-space representation of action of a particle positioned in an NC plane in the
presence of an arbitrary potential leads to the emergence of an additional “exotic" term in action,
which is a Chern-Simon (CS) like term in momentum space, and the corresponding CS parameter
is essentially the source of noncommutativity. The Galilean symmetry of the system is unaffected by
this inclusion of the CS term in the Lagrangian. 2

So let’s consider the following Lagrangian in a classical environment to develop an NC extension of
the commutative space-time,

. w0
L7 = pui + 5" pupy — o(7)(pe + H), v =0,1 (3.24)

where p,, = (p, p2). Running the Dirac’s constraint analysis (Appendix-B) on the above system we
get the following Dirac brackets between the phase space variables.

{xu7xu}D = 96/“/; {p/upu}D = 0; {xu7pu}D =" v (325)
2For a Galilean transformation 6z = vt, 8t = 0, we obtain the with the following momentum transformation as ép, =
mv, dpt = —6Hfrce = —pzv, Where Hq. is the free particle Hamiltonian. This transformation makes it simple to demon-

strate that the Chern-Simon term e¥p,,p,, changes up to a total derivative that may be disregarded in the action. Therefore,
under Galilean transformation, the CS action is quasi-invariant.
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Thus our classical system (3.24) naturally gives rise to a configuration space that has NC character
which manifests through a deformed symplectic structure (3.25).

We shall now promote the classical brackets (3.25) to the level of commutation brackets in order to
describe non-relativistic QM in NC space-time as,

[t, 2] =i, (3.26)
with 6 being the NC parameter, along with

Note that we have been working with the natural unit # = 1. Together, (3.26) and (3.27) constitute
the NC Heisenberg algebra (NCHA).

In reference to section-2.1 in chapter-2, we can now construct the Hilbert space in a similar manner
(See (2.4)), which furnishes a representation for the NC coordinate sub-algebra in (3.26) as [20,21,
71,92],

bhy E+id
H. = Span {|n> _ (\b/% 10); bl0) = t\jﬁ 0) = 0} (3.28)

We now introduce the associative NC operator algebra (Ay) generated by (#, #) or equivalently (b, b)
acting on the configuration space H. (3.28) as

Ag = {lv) = (£, 2) = (b, ) = > cnm|m)(n]} (3.29)

m,n
which is not a Hilbert space yet as was discussed in chapter-2, as it does not posses any inner-product

structures. We now introduce a subspace H, of Ay, acting again on .. (3.28) given by,

H, = {w(f,f) = ’z/}(f,:z)) € BH.); |[¥llas == \/tre(wiy) < oo} c Ay (3.30)

where ||¢|| s is the Hilbert-Schmidt norm and ¢r. denotes trace over the Hilbert space . and B(H.) C
Ay is a set of bounded operators acting on H... This space H,, is equipped with the inner product

(u;(f, ), (i, 5;)) ‘= tr, (W(f, 2)o(, i)) (3.31)

and therefore forms a Hilbert space-the space of HS operators. Now, we define the quantum space-
time coordinates (7, X') and associated conjugate momentum operators (P, P;) and their respective

actions on a generic element ’w(f, a?)) € H, is given as,

Tlw(,2) = [feE.5), X|eEa) =

Py

#v(t,2)),
0(.2)) = 5| wE.20), Blo(a) = 5|20 2) (332)

It can be checked using (3.32) that the algebra satisfied by {X, T', P, P;} is isomorphic to (3.26) and
(3.27). Note that the HS norm (3.30) is the NC counterpart of (3.14). Again, it is obvious that in order
to have an appropriate probabilistic interpretation, the corresponding inner-product (3.31), much like
its counterpart (3.15) will not be suitable one. Rather, we should have an inner product defined on a



3.2. Quantum mechanics on non-commutative space-time 29

constant time slice, similar to (3.21). In the next section, we address it.

3.2.1 Schrodinger equation and an induced inner product

It is now obvious that we cannot identify a counterpart to the common space-time eigenstate |z, )
(3.11) in light of # # 0. Nevertheless, by utilizing the coherent state, we may still obtain an effective
commutative theory, as we shall demonstrate below. In order to do so, we take the Sudarshan-Glauber
coherent state belonging to H. (3.28) exactly as (2.12) in chapter-2:

|2) = e 22 |0y € H,.. (3.33)

This is an eigen state of the annihilation operator : b|z) = z|z), where b = tj% and z is dimensionless

complex number and is given by,

t+ix
2= —;
V260

Here t and x are effective commutative coordinate variables. We can now construct the counterpart
of coherent state basis in H, (3.30), by taking the outer product of the bases |z) = |z, t) (3.33), as

t= (2lf]2), x = (2]2]2) (3.34)

|z,2) = |2) = |2){(z| = V270 |z,t) € H, fulfilling B|z) = z|z) (3.35)

where the operator b € Ay is represented by the annihilation operator B = T\Z% (3.30). Note that

in this scenario, |2) € H, (3.35) saturates the space-time uncertainty: AT.AX = 4. This implies
that such a state represents a maximally localized “point” or rather an event in space-time. In fact,
because it is a pure density matrix, this state can be thought of as a pure state of the algebra Ay (3.29).
It is a counterpart of a point in the corresponding commutative C*-algebra C*°(IR?) that describes the
(1+1) D commutative plane as represented by Dirac’s delta functional. The basis |z, Z) = |z) satisfies
the over-completeness property:

Pz, _
/ 7\2,2’) *xv (2,2 = /dtda? |z, t) *v (z,t] =1, (3.36)
where %y represents the Voros star product and is given by,
— i . —
B0% _ B (-ibitenBd), § jo01; 2 =t,al =z eop =1 (3.37)

Similar to formal QM, the coherent state representation of an abstract state (%, #) yields, by using
(3.31),(3.35) the standard coordinate representation of a state:

Ulet) = (@t 0) = <= (22000 0) = =t [0 0] = =Dl (38)

and is called the symbol of the HS operator 1(#,¢). The analogous symbol of a composite operator,
such as (2, %)¢(#, 1), is obtained by composing the respective symbols through the Voros star prod-
uct:

(zlw(;z»,f)aw,{)) — (z’@/;(i‘,f)) v (z‘d)(:%,f)) (3.39)
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As a result, the space of HS operators #H, and the space of their corresponding symbols are now
isomorphic. Whereas the composition rule in the former case is determined by the normal product of
operators, the composition rule in the latter case is determined by the Voros star product. The overlap
of two generic states (|¢),|¢)) in the quantum Hilbert space 7, may now be expressed using (3.36)
by the form

($]¢) = / didz * (x, 1) %y $(z, 1) (3.40)

We now introduce the coordinate representation of the phase space operators to derive the effective
commutative Schrodinger equation in coordinate space. To begin with, it should be noted that the
coherent state representation of the left actions of the space-time operators X L, ny operating on any
arbitrary element |¢) in H,, may be expressed by using (3.39) as,

(o1 066.0)) = o= (2:3[0) = o (el oo (2 212 D) (3.41)
Finally making use of (3.38) this readily yields
(w10 w(@,0)) = XF (@, thol@,1)) = X5 v, t) (3.42)
with
X}t = {x + g(am - iat)} (3.43)

Proceeding exactly in the same way, we obtain the representation of 7" as
L 4 :
Ty = [t+ 5(& +10) |, (3.44)

The operators Xy and T are defined in such a way that they satisfy the commutation relation [T}/, X /]
10 when acting on arbitrary states. By considering an arbitrary pair of states |¢1) and |¢) in H4 along
with their associated symbols, it can be proven that both Xy and T} are self-adjoint with respect to the
inner product (3.40) (refer to Appendix-C) by exploiting the associativity of the Voros star product.
The property of self-adjointness for X4 and Ty will also hold for the "induced" inner product, which
will be introduced below (3.56) as the counterpart of (3.21) as the analysis is independent of the in-
tegration measure.

In a similar vein, the right action of X and 7 on |¢)) is given by

Kalw) = [w(@,02); Talv) = (@, 0i) (3.45)

where the corresponding representations are obtained as,
R 0 , R 0 .

satisfying [T/, X '] = —i6, which is suitable for the opposite algebra generators belonging to .Ag. Fi-
nally, while discussing the coherent state representation of momenta operators in (3.32), we note that
the adjoint actions of momenta operators may be expressed equivalently as the differences between
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left and right actions of position operator, which results in,

(x,t|]5t1/)(§c7f)) — —id(x, 1) ; (w,t|}5xw(£7£)) = —i0u(x, t) (3.47)

We now observe that our NC theory (3.24) is endowed with a supplementary first-class constraint
¢ ~ 0, which allows us to isolate the physical Hilbert space #,;, C Ay (see Appendix-B). Therefore,
we must impose the requirement that the physical states [1,1,) = ¥pny(#,) are annihilated by the
operatorial form of this constraint ¢ in order to achieve an effective commutative Schrédinger equation
in NC space-time:

(P4 H)|topny) = 0; tpny(&,1) € Ay (3.48)

where H = f—';j + V(X,T). This is the counterpart of the commutative case (3.16). Now we can

take the overlap of (3.48) with |z, t) basis (3.35), to obtain the effective commutative time-dependent
Schrédinger equation in quantum space-time. Using (3.43,3.44,3.47) we finally get,

. 1
10 phy (2, t) = 7%33 + V(x,t) *xv | Yphy(z,t) (3.49)
Taking complex conjugate of the above equation we get

A 1 * *
— iy, (z,) = —%agz/}phy(m, t) 4+ Uy (@, 1) v V(z,t). (3.50)
Now using (3.49) and (3.50) one therefore obtains the continuity equation
Owpg + 0z J5 =0 (3.51)

where

Po = ¢;I1y (l‘, t) *v q/}phy (:23’, t)a

1
Jy = %[w;hy *v (Oxtbphy) — (az¢;hy) *V Yphy- (3.52)

A spatial integration over x on both sides of (3.51) over the entire range of R! now yields,

o, / podz = — / (0, T0)dz = 0 (3.53)

where the condition ¢, (z,t), — 0 as  — Foc has been imposed which means ¢, (z,t) € LL(R') is
square integrable %, so that right hand side of the above equation becomes zero giving the conservation
of the total probability [ pgdx whereby we can write py(x,t) in a manifestly positive definite form.

. 1, _ _ 1 =1, _
po(x,t) =y, (2, 1) %y Ypny(z,t) = %%my(z,z) *y Yphy (2, Z) = 0 nz:% mwz wphy(zvzﬂz > 0.

(3.54)
This implies that pg(z,t), may be interpreted as the probability density at a particular point in time.
The variable ¢ here serves as the evolution parameter, as shown by the continuity equation (3.51), and

3Tt may be noted that L2 (R") involves 0-deformed  multiplication rule, in contrast to L?(R') which involves just the usual
point-wise multiplication.



3.3. Forced harmonic oscillator in Moyal space-time 32

for this reason we need ¥4, (2, t) to be "well behaved," or to satisfy the following square integrability
criterion at a constant time slice:

o0

oy |Gp et = / 0 P (2,8) %y Doy (2, 1) < 00, (3.55)

J —00

Consequently, ¥, (z,t) € L2(R'), which is substantially different from L2(R?). These are all simple
generalizations of the corresponding commutative case discussed in section-3.1 (See, particularly,
below (3.21)). Clearly, a spatial integration over z for a specific time slice should also define the
associated inner-product for the space as follows:

(oo}

(Vphy|dphy) ¢ = / dx w;hy (2, 1) xv Ppny(,t) < 0o. (3.56)
We must reiterate at this stage that, here ¢t and x should not be considered time and space coordinates;
rather, they are just the coherent state expectation values, as defined in (3.34).

It therefore becomes clear that the physical states satisfying Schrodinger’s equation should be nor-
malized with respect to the inner product (3.56) of L2(R!) . The original operatorial form of physical
states ¥n, (#, ) should then be a part of a suitable subspace of Ay (3.29), which is different from 7,
as for the latter, the norm is derived from the inner product defined for L2(R?) (3.40).

3.3 Forced harmonic oscillator in Moyal space-time

After deliberating on the fundamental formalism, we are now prepared to discuss about one of the
possible applications. As previously indicated, the forced harmonic oscillator [99, 100] has many
applications in physics, particularly in quantum optics, making it a useful and straightforward model
to investigate the QM of time-dependent systems. In order to test this, we set up a forced harmonic
oscillator in a NC space-time in 141 dimensions to see if non-commutativity has any impact on the
geometric phase when the system is evolved adiabatically in a closed loop in the space of parameters
over a time period 7. These effects, as we shall see, are not present in the system in a classical i.e.
commutative space-time setting.

In commutative space-time, the Hamiltonian of a 1 D forced Harmonic oscillator (FHO) is given by,

)
D 1 . . .

H =%+ omw’® + f()d + 9(t)p, (3.57)
where p, and ¢ satisfies the usual Heisenberg algebra : [¢, p,] = i and (f(t)), g(t)) are a pair of suitably
chosen periodic functions of time with time period 7 to be specified later.

Now, in the presence of non-commutativity in space-time, we consider the Hamiltonian to be given
by the following simple form of operator ordering in order to make it hermitian:

O - B P L

H =32 4 omw’ X2+ S [f(D)X + X F(T)] + g(T)Ps (3.58)
where 7' and X are used in place of the variables in the coordinate space from (3.32). With this
Hamiltonian in the Schrodinger constraint equation (3.48) we can take its overlap with the coherent



3.3. Forced harmonic oscillator in Moyal space-time 33

state basis (3.38), to obtain using (3.32),

10 (, t|thpny) = (2, t‘nghy)

2
= % + %m(JJ?XgZ + %{f(Te)XG + ng(Tg)} + g(Tg)Px wphy(li,t) (359)

* where we have made use of the coherent state representation of the phase space variables, which
are given by (3.43,3.44,3.47) [92],

0 0

Interestingly, these Xy and Ty may be connected to commutative = and ¢, introduced in (3.34) by a
similarity transformation as,
Xg=S8zS"Y T, =STt(sT)™! (3.60)

where
S = i (OF ) =7 0.0 (3.61)

is a non-unitary operator that can be used to define a map from L?(R') to L?(R') as,

St LARY) — L*RY)
ST (Wphy(2,t)) == te(z,t) € L*(RY) (3.62)

where the elements of the L?(R!) space are indicated by the notation v.. Now it is simple to check
that the inner product (3.56) in LZ(R') is the same as its commutative equivalent in L?(R'). (see
Appendix-C)

<wphy7 ¢phy>* <wc 7¢c>t V'(/}phy7¢phy € Lz(Rl) (363)

where we used integration by parts and dropped many boundary terms. This equivalence demon-
strates that, once in L?(R'), we can certainly trade the non-local Voros star product for the local point-
wise multiplication that occurs in commutative quantum mechanics. It should, however, be stressed
that while the final outcomes of the integrations are same on both sides of (3.63), the integrands them-
selves are not: pg(x,t) = ¥r,, (¥, 1) * Yphy(z,1) # V7 (2, )e(,t) = [Yhe(, t)|? since certain boundary
terms had to be omitted in order to get (3.63). This means that unlike py(z,t), [¢).(z, t)|? can not be re-
garded as the probability density for witnessing the particle at the position z at time ¢. As previously
demonstrated, py (3.54) is the probability density in NC spacetime, but |¢.(z,t)|* can only be read
as probability density in the commutative limit # — 0. Additionally, ¢y, (x,t) and 9.(z,t) occur-
ring in the integrands themselves are elements belonging to two distinct algebras: commutative and
non-commutative, which are not obviously isomorphic to one another [105], and the effect of non-
commutativity becomes apparent through the considered dynamical model in a different way [106]
when we change from L?(R!) to L?(R!) with the aid of the non-unitary transformation S—.

,t

“The hermiticity of the Hamiltonian in the right hand side of (3.59) can be established as already discussed in 3.2.1 after
(3.44).
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Using (3.60,3.62), (3.59) can now be recast in the following form,

2
iOpe(x,t) = [5;1 + %mw2x2 + % {f(STISTH(ST) 1)z + af(ST1STE(SH)71S)}

+9(S1STH(ST) T S)p. | e, 1) (3.64)

Further using the S~1 ST = ¢#9:% .= U, with U being unitary, (3.64) can be simplified as,

;o1 1
10pte(z,t) = [2’;; + imw%z + i{f(Uthl)a: +xf(UtU™N)} + g(UtU ™ Vp, | the(w,t) (3.65)
By applying the Hadamard identity such as UtU ! = ¢ — fp, up to first order in § assuming that 6 is

extremely tiny, we now further use the Taylor expansion as
F(t — 0py) = F(t) — Op. F(t) (3.66)

where F(t) collectively denotes f(t) and g(t), and F(t) is their first order temporal derivatives. Re-
member that f(t) and g(t) are periodic functions of ‘#’, so will be f(t) and §(t). Now we employ the
requirement that f and ¢ is slowly changing functions of time. In the system under discussion, this
will make it easier to utilize an adiabatic approximation. Here, we wish to emphasize that if we were
to assume that f(¢) and ¢(t) to be adiabatic in nature, then the second and higher order derivatives of
f and g would have to be eliminated from our calculations due to adiabatic approximation, and the
geometric phase would disappear in that case. We will thus pick these periodic functions f(t) and
g(t) very carefully, ensuring that just their first order derivatives are slowly evolving periodic func-
tions of time.
Finally, employing (3.66) in (3.65), we obtain the theory’s effective commutative time-dependent
Schrodinger equation as,

10he(x,t) = Hethe(2, 1) (3.67)

where H. is the corresponding effective commutative Hamiltonian and is given as

H, = a(t)ps + Bz* +v(t) (wps + pet) + f(H)x + g(t)pe = Haro + f(t)z + g(t)ps (3.68)

where Hg o stands for Hamiltonian of a generalised time dependent harmonic oscillator and the
time dependent and independent coefficients occurring there are given by,

1

alt) = 5~ 03(t); B = smu; () = —0f(1) (3.69)

while the other two terms indicate perturbations that are linear in position and momentum in coordi-
nate basis. We attempt to diagonalize Hgpo first as in [108] before attempting to do so for the entire
Hamiltonian. And to that end, we introduce the following annihilation and creation operators:

a(t) = A(t)[x + (B(t) +iC(t))ps] (3.70)
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where,

A(t) = th) where Q(t) = 2y/a —12;

(1) Q1)
B(t ; Ct) = 3.71
are time dependent real functions of time. Correspondingly,
al(t) = A(®)[z + (B(t) — iC(t))pa] (3.72)

fulfilling [a(t),a’ ()] = 1.
As a result of their dependence on «,~, and therefore on f(t) and §(t), the coefficients A, B, C' and
) are all time-dependent. As a consequence, we may conclude that A, B, C are slowly changing
functions of time and we will disregard the second and higher order time derivatives of these variables
in our adiabatic approximation. As aresult, the Hamiltonian (3.68) may be expressed using the ladder
operator as,

1

He = (1) (' (Da(t) + ;

) + P(Ha(t) + P(t)a' (t) (3.73)

where,

P(0) = AWCOIO + iBOLO - 50)] =[50 [j;f(w i (W)ﬁf“) - g<t>>}

and Q(t) can be recognised with the “instantaneous frequency". Although this Q(¢) may be consid-
ered to be a slowly varying function of time, consistent with the adiabatic nature, statuses of the other
time dependent functions P(t) and P(t) are rather obscure since they include terms like the product
of a fast changing and a slowly varying function of time. Therefore, we cannot claim that the whole
Hamiltonian evolves slowly under the temporal evolution.

Let’s now try to find an appropriate time-dependent unitary transformation ¢/(t) valued in appropri-
ate Lie group by which the wave function . (z, t) in (3.67) transforms as

Ye(,t) = el@,t) =UE)(x,t); UTEUE) =1 (3.74)

Correspondingly, the Hamiltonian will transform under this time-dependent unitary transformation
as
H, — H,=Ut)HU (t) — itd(t)0UT (t) (3.75)

This reflects that the time evolution of the transformed states 1).(z, t) is not governed by just U H '
anymore, rather by an effective Hamiltonian H., which is obtained by augmenting it by a suitable
“connection” like term to U H U™

10 (z,t) = Hetpe(z, 1) (3.76)

The instantaneous energy eigenstates of the Hamiltonian H.. are no longer the same as those of H...
We now want to exclude the terms in H.. that include fast variables, such as P(t) and P(t), so that we
are only left with the first term in (3.73), which may be achieved by making an appropriate choice for
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U(t). In fact, such a U(t) can be easily constructed as,
Ut) = e~ womda'+iD) 4y cC 1 e R (3.77)

where w and [ are given by,

t " ~ ~.
w(t) = —iet Js @' o) / A" Pt J A9
0

1

I(t) = /0 " [Q(t’)|w(t')2 - (w(t’)zfz(t') - w(t’)w(t’))} (3.78)

This structure of ¢(t) in (3.77) may be related to the non-abelian Heisenberg group, which can be
constructed by exponentiating the components of the Heisenberg Lie algebra §, which is generated
by (a,a’,T), where I is the central extension. Using this, (3.75) becomes,

A, = Q(0)al (Dalt) + 3) = Homo (3.79)

Therefore, by providing a time-dependent unitary transformation (3.77), we can demonstrate how the
entire Hamiltonian H, (3.68) transforms into a generalized harmonic oscillator Hamiltonian (3.79).
Since H, has been diagonalized, the computation of the geometric phase gained by v, (, ) is simpli-
fied to that of determining the equivalent phase acquired by 4. (z,t), which we address in the next
section.

3.3.1 Evolution of the ladder operators and appearance of geometric phase:

By employing the diagonalized form of the corresponding Hamiltonian H, (3.79) within our adia-
batic approximation, the time-evolved expression of 1. (z,t) in (3.76) becomes significantly simpler
to compute compared to its precursor wave function ¢.(x, t) in (3.67), which evolves with the Hamil-
tonian H.. In fact, as demonstrated in [92], it becomes much more straightforward to isolate the
geometric phase within the Heisenberg picture. In this section, we undertake this task.

The Heisenberg equation of motion using (3.79) for the operators a(t) and af(t) is given by,

aat
dt

—¢()a' + X(H)a  and % — &(t)a+ X(t)al (3.80)

where
X(t) = —AY(C +iB); £(t)=Y(t)+iQ(t); Y(t) = A[(2AC + AC) + iAB] (3.81)

To solve the first order differential equation of the ladder operators given by (3.80), we can decouple
the equations in (3.80) , by taking their time derivatives and combining them suitably to get [71],

d?at dat Pa - da -
iz T4 (t)ﬂ + Zy(t)al = 0; =t 5 (t)E + Zy(t)a =0 (3.82)

where

Z1(t) = - <§+e+f>; Zo(t) = ~(€ ~ &+ XX — €0 (3.83)
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where the time-dependent variables X (t),£(t), are defined in (3.81). So far, all of the expressions
obtained here are exact. The adiabaticity of a(t) and ~(¢) in (3.69) will now be implemented. It
follows that (t),~(t) (3.69) also changes adiabatically with time as we have assumed that f and ¢
are slowly varying periodic functions of time. A, B and C follow the same order of adiabaticity since
they depend linearly on «, 5 and v, respectively (3.71). In this case, F' ~ ¢,and, F' ~ €2, where F
stands for A, B, C collectively. Eventually, while taking adiabatic time evolution in this regard, we
will dispose of second and higher order time derivatives (~ ¢?). To continue, we write (3.82) in its
standard form. To do so, we introduce another time dependent operator, b(t) as,

al(t) = bl (t)e—2 Jo Zr(n)dr (3.84)

With this the first equation of (3.82) can be recast in terms of b

a2oi(t)
(®) + Zy ()bt (t) = 0 (3.85)
dt?
where,
) I B ,
Zo = Zo — §Zl -7~ Q% — QW + 2(292 + W) ~0O(e) =U + iV (say) (3.86)
where we have taken gizg =W +iW ~ O(e). Then (3.85) can be re-written in the following form:
2pt
%ﬁ(t) + (U +iV)bi(t)=0 (3.87)

As we are operating in the adiabatic regime, it is evident from (3.86) that both U and V' vary gradually
over time. Then, using the WKB approximation for complex potential [107] formula, we get,

Iil(t) cap (/Ot(iX(T) - d’(T))dT) " E:(t)

where U + iV = x + i¢ so that (3.88) can be applied to find the general solution of the differential
equation (3.87). In our case, x and ¢ are given as,

b (t) = b(0)

exp (/(f(—ix(ﬂ + QS(T))dT) (3.88)

/172 2 2 1

2 Vi T a2

where all terms of second and higher order derivatives are disregarded. Keeping in mind that only
the first term of the exponential in (3.88) produces the appropriate dynamical phase for af, we are
going to set 'y = 0. Taking into account every expression we obtain, att =7,

.
b1 (T) ~ b1 (0)eap ( /0 [0 — %(zm) - %(W + z‘W)]dT> (3.89)
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Given the periodic boundary condition is A(T") = A(0) and that the integrands are exact differentials,
we may eliminate the following terms from the exponent:

/OT (% + M)cﬁ' = /OT;Cz_OnX>dT =0

where X is given in (3.81). Substituting (3.89) in (3.84), we get
T .
al (T) = b (T) exp (/ [di(lnX + A%C) + iAQB} d7-> = bT(T)e! T A% Bdr (3.90)
0 T

The expression of A, B, C are given in (3.71). Finally making use of (3.89) in (3.90) we can ultimately

write,
T T )
a'(T) = a'(0)exp (z/ Q d7'> exp (z/ A’B d7->
0 0

ey | " ar s [ (5) Lar| 1)

The two terms in the exponents clearly represent the dynamical and geometric phase respectively. As
a result of the Hamiltonian’s adiabatic evolution around a closed loop I' in the parameter space in
time 7, the ladder operator acquired an extra phase over and above the dynamical phase ¢*/ ?(1)dt is
represented by the second term in the exponential of (3.91). This geometric phase, often referred to
as the Berry phase , may be expressed in a more recognizable manner by expressing it as a functional

of I"as
B[] = é:as %VM.dR - _g//sz (é) X VR (f(t)) .dS (3.92)

where we have used - = 98 Vg, R = (, ,7) being a vector in the parameter space whose compo-
nents are time dependent. We used Stoke’s theorem in the second equality to change the line integral
into the surface integral. Clearly, this geometrical phase vanishes in the commutative limit § — 0. It
should be noted in this context that that by switching over to the Schrédinger picture, we can relate
the geometric phase shift achieved in the Heisenberg picture to a more recognisable type of Berry
phase acquired by the state vectors.

It is worth noting that had we worked in the Schrodinger’s picture, the primary wave function v (z, t)
(3.74) would have acquired the same geometric phase ®¢[I'] over the time interval 7. This holds true
because the original state 1.(z,t) can be obtained by applying the linear and unitary operator U1 (t)
on 1. as U (t)y.(x, ), where U(t) is given by (3.77,3.78). Since the Berry phase is a constant number
(3.92) for a given I, it remains unaffected by the action of the Heisenberg group element. Before
concluding this section, we would like to highlight some important observations that we can make:

e From (3.92), itis clear that the geometric phase relies on the parameter v from (3.69), which dis-
appears when 6 = 0. Therefore, the non-commutativity of space-time is necessary for the emer-
gence of the geometric phase in this context. In this respect, it should be noted that the authors
in [108] have demonstrated that a system must contain the dialatation term in the Hamiltonian
in order to generate the geometric phase. The forced harmonic oscillator (3.57), our initial sys-
tem, did not have such a term, but by putting the system in an NC space-time, we were able to
obtain such a term in the effective commutative Hamiltonian (3.68).
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e The Hamiltonian of the FH.O in (3.68) can be expanded in terms of the generators of the double
photon algebra [109]. For that let us define

. 2 . 2 .
Ky =@ g W g i) o, (3.93)
2 2 4
Taking I as a central extension we can show that the above generators satisfy the following Lie
algebra:
[Ko, K] =+xKy, [Ki,K_]=-2K, (3.94)
A A_ )
[K+7A*} =—A4, [KvaJr} =A_, [K07A+] = %7 [K07A*] = T [A‘F’A*] =l

(3.95)

where the sub-algebra (3.94) is the su(1,1) Lie-algebra and (3.94),(3.95) as a whole represents
the double photon algebra [109].
Now the Hamiltonian (3.68) can therefore be written in terms of the generators (3.93) as

H.=B*t)K, + f(H) Ay + g(t)A_; p=+,—,0; BT = —2ia(t),B~ = —2iB(t), B® = —2ix(¢)
(3.96)
The corresponding transformed Hamiltonian H,, on the other hand, takes its value only in the
su(1,1) sub-algebra.
out

H. — H. =UHU' - U= = B"(1)K, (3.97)

At this point, it is important to note that the Hamiltonians in [108] were analogous to ours and
were valued in su(2) and su(1,1) Lie algebras, for example. Thus, just like in their case, we may
also expect the occurrence of the geometric phase in our situation.

3.4 Chapter summary

It is indeed a tough undertaking to identify the footprints of Planck scale phenomena involving NC
space-time in a non-relativistic (NR) system. However, there exists literature [110,111] where au-
thors have attempted to identify feasible scenarios that may aid in determining the impacts induced
by quantum structure of space-time in the low energy regime. That inspired us to investigate the ef-
fects of Planck scale physics in NR quantum systems, which was the core goal of the current chapter.
We summarize our results here very briefly.

We demonstrated that a forced harmonic oscillator system living in a NC space-time develops a ge-
ometric phase shift when transported adiabatically along a closed loop in the parameter space I'.
The Hamiltonian of the effective commutative system is demonstrated to be that of a time dependent
generalized harmonic oscillator with linear perturbation in momentum and position. The system is
then subjected to a appropriate time-dependent unitary transformation to remove the perturbative
terms and is then diagonalized. We subsequently determined the equation of motion of the ladder
operators in the Heisenberg picture, which reveals that, depending on the geometry of the parameter
space, an additional phase emerges when the system is transported adiabatically through a closed
loop I'. This phase, which is computed up to first order in the non-commutative parameter 6 in our
formula and vanishes in the commutative limit # — 0, is found to be a functional of I'. In this respect,
it should be emphasized that our computation of the geometric phase, carried out in the Heisenberg



3.4. Chapter summary 40

picture, as in [71], is a novel method. It can be demonstrated that the geometric phase obtained us-
ing this method equals the Hannay’s angle, which is produced by the comparable classical adiabatic
evolution.

Finally, we would like to discuss a few potential future directions for our work. The authors in [112]
had demonstrated an intriguing connection between the energy-time uncertainty relation and the
Fubini-Study metric, developed in the projective Hilbert space of a time-dependent quantum system.
Later, authors in [113] have noted that coherent states offer a natural framework for realizing the
aforementioned relationship and have explicitly shown this in their computations using, respectively,
a spin system in a magnetic field and a generalized harmonic oscillator system. In light of [113], it
appears that we may extend our investigation to calculate the energy-time uncertainty relation in our
system as well by utilizing the Fubini-Study metric of the projective Hilbert space.

Furthermore, it was demonstrated in [99] that a coherent state continues to remain coherent at all
times if the system Hamiltonian, with which the operators are evolved (in the Heisenberg picture), is
that of a time-dependent forced harmonic oscillator. In presence of space-time noncommutativity, we
may extend this computation for our system. For the generalised forced harmonic oscillator (GFHO)-
the effective commutative system will generate states that are squeezed coherent states of a typical
FHO [114]. This motivates us to investigate the fate of these squeezed coherent states, when evolved
over time and whether they have any implications for quantum optics and quantum information the-
ory.

Also notice that space-time noncommutativity can also be incorporated in non-relativistic second
quantized formalism. This would be a good launching pad to generalize NCQM, viewed as 0+1 di-
mensional QFT, to relativistic QFT in NC space-time. This is because, unlike in QM, space and time
can naturally be treated on equal footing here as the spatial coordinates do not correspond to any ob-
servables anymore and rather corresponds to just c-numbered parameters (labelling the continuous
spatial degrees of freedom of the system). Importantly, the second quantized formalism allows us
to explore the influence of space-time noncommutativity on the one-particle sector of quantum field
theory for a generic external potential [31], which is analogous to the first quantized formalism’s NC
quantum mechanical analysis. These are among some of the issues which can possibly be investigated
in future.



Chapter 4
Relativistic particle in k-Minkowski
space-time

Having discussed the effects of NC space-time in a non-relativistic dynamical model, we now move
on to discuss about the impacts of quantum space-time with Lie algebraic type of noncommutativity,
namely x-Minkowski noncommutativity on a relativistic system. Employing the deformed Poincare
symmetries of such space-time at classical level, we try to develop the Lagrangian describing the dy-
namics of a single relativistic massive spinless free particle. This uncovers a plausible regime of QG

where we see that QG effects are present only through a mass-scale x = \/g, in the case where both
h, G — 0 but holding their ratio fixed.

Interestingly, a recent proposal [50] suggests that the quantum origin of gravity could have an impact
even in the regime of weak Newtonian gravity through quantum superposition and entanglement in
the infrared region [51], which has connections to quantum gravity-induced entanglement of masses
(QGEM). This motivates the search for systems that exhibit some robust features which may survive
in a chosen regime of a future theory of quantum gravity [115]. To explore such a scenario, we con-
sider a system where the associated length scale [ is much larger than the Planck length (I >> [p), but

the mass scale m is comparable to k (m < k = \/é ). In this case, we effectively examine a situation
where both 7 and G tend to zero as discussed above while their ratio is held fixed at . The operator
valued NC coordinate algebra, is by default, characterized by NC parameters with length dimensions
that can be identified with Planck length scale ~ [p. Such noncommutativity naturally arises in Lie-
algebra-type deformations, serving as the deformation parameter, which effectively reduces to ! in
the corresponding Poisson (or Dirac) bracket of the classical description. To study this, we can con-
sider the well-known r-Minkowski spacetime originally introduced in [47,53-57], and then proposed
again by [58] in the context of double-special relativity [116,117] aiming to extend the special theory
of relativity (STR) by incorporating yet another observer-independent scale x. As we shall see that
the presence of the mass scale « alone in the classical analysis can have a significant impact on the
system dynamics, curving the energy-momentum or simply the momentum space itself [52], thereby
deforming the dispersion relation even for a single particle. This curvature of momentum space may
lead to the abandonment of absolute locality in favor of a concept called "relative locality” [52].

Interestingly, Max Born speculated about the necessity of curved momentum space in the context of
quantum gravity as early as 1938 [48]. Later in the year 2000, it was shown again in [46,47,49] that the
curved momentum space can be thought of as Hopf dual to NC space-time and the term ‘co-gravity’
was coined by the authors in context of curved momentum space. This resembles the well-known
curvature of 3-velocity space in STR, where the deformation parameter is the speed of light c¢. The
manifestation of curved 3-velocity space is observed through the non-linear addition of velocities,
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which is generically noncommutative (NC) and non-associative in nature, unless they are co-linear,
where the 3-velocity space becomes flat in the ¢ — oo limit,. Similar to STR, the flat limit in the curved
momentum space is only recovered as Kk — co. A concrete realization of curved momentum space
was also provided in a 2 4 1-dimensional system, where a spin-less relativistic point particle interacts
with Einstein’s gravity. In this case, Einstein’s gravity is a topological theory and can be formulated as
anon-abelian (I150(2, 1)) Chern-Simons theory [118]. Although Einstein’s theory is no longer topo-
logical in the realistic 3 + 1-dimensional spacetime, there is indirect evidence suggesting a similar
behavior [119].

In this chapter, we study the symmetry of the x-Minkowski space-time. We find that it becomes
essential to deform the actions of the Poincare generators on the coordinate operators, so that they
are now allowed to take values in the universal enveloping algebra, obtained from the undeformed
Poincare generators, but in a manner that the Poincare algebra-by itself undergoes no deformation.
In this context, we find it convenient to follow the template of [120], where the symmetries of Moyal
space-time has been discussed. Also, we could not adopt the twisted Hopf-algebraic framework, as
no twist or star product seems to exist in this case, although there exist other variants of x-Minkowski
spacetime [57,59,121-124], where both the star product/twist can be readily introduced.

We then carry out the dynamical analysis entirely at the classical level by demoting all the gener-
ators to commuting classical variables, where the various commutator brackets now correspond to
usual symplectic brackets {.,.}. We then show how these brackets can, in turn, be interpreted as the
Dirac bracket of a first order constrained system, describing the dynamics of the relativistic particles
moving in the k-Minkowski spacetime. We find that {z’, p, } undergoes a momentum dependent de-
formation, so that the momentum space can now be identified with curved space, which, however, is
not quite Riemannian. Nevertheless, an invariant line element of the form ds = /g, dp"dp” can be
introduced, so that the geodesic distance in the momentum space can easily be computed, enabling
us to obtain the deformed dispersion relation which eventually helps us to identify renormalised ob-
servable mass M. And for any isolated fundamental particle the mass scale x can serve as an upper
bound for this renormalized mass : M < & for a certain choice of the NC parameters. Interestingly, it
turns out that this & is the only surviving natural mass scale in this classical system.

The chapter is organized as follows: In section-4.1, we revisit the deformed symmetries of xk-Minkowski
space-time using the formulation [120], followed by a discussion on the deformed co-products of
Poincare generators and a Heisenberg-double construction in Hopf-algebroid framework for a con-
sistency check of the phase-space algebra coming from the deformed co-product of the momentum.
In section-4.2 we construct the first order Lagrangian of a free massive relativistic spinless particle
moving in k space-time which obeys the same symmetry as that of the space-time. In section-4.2.1
we explicitly derive the deformed mass-shell condition using the computation of geodesic distance in
momentum space. In section-4.2.2, we have shown the non-canonical transformation between non-
commutative and commutative coordinates, which helps us to find out the explicit form of the de-
formed Lorentz generators. Later in section-4.2.3 we show the invariance of the Lagrangian under
the deformed symmetries and derived the Poincare generators using Noether’s prescription which
corroborates with the ones derived in the preceding sub-section. In section-4.2.4 we have studied the
feasibility of lifting the infinitesimal Lorentz symmetry to a finite one on the NC coordinate, using the
non-canonical transformation between commutative and NC coordinates derived earlier in section-
4.2.2 and found an explicit Lorentz invariant "interval” under the finite transformation which is, how-
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ever, a function of phase-space variables. Finally, in section-4.3 we conclude with some overview and
future directions.

4.1 Deformed symmetries of k-Minkowski space-time
The algebra of x Minkowski space-time M is given as
[X#, XY] = i0" =i(a" X" — a" X") (4.1)

where X* are the operator valued NC coordinates and a* is a set of four real scalar constants that
may be associated with the set of four deformation parameters. These deformation parameters have
the order of k=1 : a* ~ k1. Despite its appearance, a* doesn’t behave as a vector under Lorentz
transformation; instead, all of its components persist to be invariant scalars in every Lorentz frame.!
It is simple to demonstrate that under normal infinitesimal Poincare transformation of coordinates
provided by

1 GO S IR (42)

the coordinate algebra (4.1) is not invariant (where ¢ and w"” = —w"* with |e/|, |w*”| << 1 are
infinitesimal parameters corresponding to translations and homogeneous Lorentz transformations).
This suggests that, some form of modified Poincare transformation is necessary to preserve the x-
Minkowski algebra (4.1). We will derive the deformed symmetries associated with Poincare trans-
formation in this section. For that we won’t deform the iso(1,3) Lie algebra between the generators of
Poincare transformation, rather their actions on the operator valued coordinates will be deformed.
This guarantees that the translation generators will transform as usual i.e. like a 4-vector under
Lorentz transformation®. Despite the fact that this has been demonstrated by a number of authors in
the literature [122,123,125-128], we revisit the issue in order to provide a systematic derivation for
obtaining the deformed transformations, using the model provided by F. Koch et.al. [120]. As we’ll
see, this task is crucial for our discussion in the parts that follow, where we shall develop a relativistic
action for a spin-less free massive particle in xk-Minkowski space-time.

Now the Lie algebra between the Poincare generators, iso(1,3), is given by,

[M#V7Mp0':| = i(nupMpa + nuUMVp - nupMua - nVO'M[Lp)

(M, P
[P, )

(Mo P — NupPs)
0 (4.3)

Here M,,, and P, denote Lorentz and translation generators respectively. As was previously indi-
cated, we want to identify deformed transformations in the coordinate operator without distorting the
Lie algebra (4.3) among the Poincare generators. This makes it abundantly evident that P’s transfor-
mation under the Poincare generators remains unaltered, giving us its usual infinitesimal transfor-

I This means that a*’s commute with all the Poincare generators: [M,,a*] = [P,, a*] = 0. However, we can still introduce
ap = a® and a; = —a’(i = 1,2, 3) as another set of scalars. Here too, we can raise/lower indices using 7,,,, and formally write
au = nuya” and we can construct a#a, = a2 — @>. Further depending on whether a*a,, > 0, < 0,= 0 we can refer to it as
time-like, space-like and null respectively [125].

2One can even deform the is0(1,3) Lie algebra itself to obtain x-Poincare algebra, which too can generate deformed trans-
formation of the coordinates, keeping the algebra (4.1) stable under such transformation [125]. However in that case, the
translation generator will not transform as vectors under Lorentz transformation; instead they will follow enveloping algebra
valued transformation.
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mation that corresponds to translation and the Lorentz transformation as
§P,=0 and 6P, =w,°P, (4.4)

respectively.

We can anticipate, at this stage that we must deform the infinitesimal transformations (4.2) and thus
deform the commutators [M,,,,, X,] as well as [P,, X, ] in order to maintain consistency of the coor-
dinate algebra (4.1) under the influence of the Poincare generators while satisfying the Lie algebra
(4.3) above. In light of this, let’s propose the following ansatz for the deformed brackets:

(M, X, = i(0p X — 00pX ) + i, (P, M) (4.5)
[Plta XU] = _inuuql)(P) + iqu(pv M) (46)

Note that the deformations are entirely contained in %,,,,,, ¢, X .., Wwhich we would like to depend en-
tirely on the NC parameter a,, linearly and also be Lie algebra valued i.e. depend on M and P linearly,
rather than being valued in the universal enveloping algebra, so as to enable us to look for a simple
and almost unique solution [125]. However, as it turns out this demand can’t be complied with en-
tirely and deformations involving higher orders of a,, and valued in universal enveloping Lie algebra,
must be invoked in a special case, particularly in the deformed Heisenberg algebra (4.6), in order to
get consistent solutions (This point will be discussed thoroughly later in this section). In order for the
brackets (4.5,4.6) to provide the expected results in the commutative limit, we additionally require
that z/JMUp(P, M;a) — 0,¢(P;a) — 1, and XW(P, M;a) — 0 for a, — 0. Let’s also note that the
deformations ¢ and ¢, x have a specific dependency on the generators P or M, and that dependence
must be taken into account so that the dimensions of the deformations match the left hand sides of
(4.5) and (4.6) respectively.

We utilize two different cases of consistency conditions [129] to solve 1,,,(P, M;a), $(P;a) and
Xuv (P, M a):

Condition-1: Let us consider the infinitesimal Poincare transformation:
Xt — XM= XH 4 5. XM, (4.7)

with 6. X# = i€'[G;, X#], where G; € {M, P} are the generators for respective infinitesimal trans-
formation. The Jacobi identities between G; and two NC space time coordinates resulting from the
covariance of the NC relations (4.1) under such space-time transformation:

[X Xo]. Gil + (X0, G, X,] + [1Gi, K], X0 = 0 (4.8)

Condition (4.8) reduces to the following relations after using various forms of G,

[Py, X, K]+ [ X, X)), P
[[MmeuLXu} + [[XH,X I, M M

A+ (X, P, X, =0
po] + [ Xus M), X,u] = 0 (4.9)
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We obtain a set of relations between 1, x and ¢ by further incorporating the commutators from (4.1,
4.5, 4.6), given by,

i{malo(P), Xl = muul8(P), Xl |+ i{ b Ko = Do Kl } + (awmn = aume )6(P) + (a0 = avxan) = 0
(4.10)

i{[lﬁpova} - [wpw,f(u]} + (au¢pdu - aulﬁpw) + (npuaa — nauaP)XU + (nm,ap - npyao)f(u =0 (4.11)

Condition-2:

The Jacobi identities between two iso(3,1) generators G; = {M,,,,, P, } and coordinate X, are provided
by the covariance of the relationships presented in (4.5,4.6):

Héi’ éj]vXu] + Héﬁj{u]a éz] + HX/M Gi]v GJ] =0 (4-12>

Putting various combinations of Poincare generators and coordinate in (4.12) we get the following
conditions:

[[pmp] XA] [[PV»X)\LFA)} HX)\» ]a I/}:O
([Myuns Mop], Xa] + [[Mop, X2), My + [[Xn, My, Mo,] = 0
[Myn, B, X] + [Py, X2, My + [ X, My ], Ps] = 0 (4.13)

Now putting the relations (4.3, 4.5, 4.6) in the Jacobi identities (4.13), we get following relations
between the deformation functions %, ¢ and :

Xoa(P, M), P] = [xux(P, M), P,] =0 (4.14)
i[Yopn, MMV] — W[, crp] + Nuropv + NpAuve + Muovpx + MvpWuox
Moo — NupPvor — MurVopp — Norxluvp = 0 (4.15)
—ineA[G(P), Myuw] + ilXoxs Myw] = i[tuvas Pol + (Mo Xva = Mo Xur + TuaXow — ToaXop) =0 (4.16)

We now construct a suitable (as mentioned above condition-1) ansatz for x,,,, (M, P), ¢(P) and 1), (M, P)
and insert them back into the equations (4.10,4.11,4.14,4.15,4.16) to solve them explicitly. Note that
Y (M, P) has dimension of length and is antisymmetric in the index 1, v according to (4.5). As a
result, we make the following ansatz of ¢, which is also first order in the NC parameter q,,, as shown

in the following,

1/)#1/)\ = Sla)\MpJ/ + tl(a/MMV)\ - a’VMy,A> + Ulap(nu)\Mpu - nuAMpV) (417)

where 51,11, u; are dimensionless parameters. In order to maintain the dimension of 1,,,,» as that of
length, the inclusion of any higher order terms of M or P in the aforementioned ansatz would also
raise the order of the deformation parameter a,. Our goal of maintaining terms linear in a,, would
have been hampered by this. The ansatz for ¢,,,, in this situation is thus expressed in its most generic
form in (4.17). The following values of the parameters may be determined by performing a simple
but laborious computation after inserting the ansatz back in (4.11,4.15):

tlz—l; 81:U1:0
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giving us the final form of v, A(P, M ) as,
1/}/110\ = 7(a‘/LMV)\ - ayM/LA) (418)

The ansatz for ¢(P) and x,,, (P, M) is next taken into account. It can be noted from (4.6) that x,,, is
dimensionless, hermitian, and doesn’t have any special symmetry in its indices and must vanish in
the commutative limit a,, — 0. Additionally, because ¢(P) is a formal scalar and has no dimensions, it
can only be a function of a, P* and /or a? P, P*. It turns out that, we are compelled to examine higher
orders in the deformation parameters in this case in order to obtain a consistent result due to the latter
functional dependency. With these considerations, we make the following ansatz:

¢(P) = s2a" Py + (1 + t20°P*)™; Xy = s3a, P, + usa, Py + tsa™(PAM,, + M, Py) - (4.19)

Note that, #(P) — 1 and x,,, — 0 for a* — 0, which is required in order to produce proper commu-
tative limit. Here s2,%2,n, 53, u3,t3 are dimensionless parameters. Now putting x,, back in (4.14),
we get t3 = 0, giving us x,, = 53a#]5,, + ugal,]s#.

Substituting the ansatz of ¢(P) and x,,,, in (4.16), we get

8221, 8321, U3=O.

Thus X, is now exactly solved and the ansatz for ¢(P) reduces to:

Xuw = auPy;  ¢(P) = a.P+ (1+tea®P?)" (4.20)

Finally, substituting ¢(P) and Xuv (420),in (4.10), we get
1
n= 3 and ¢ = 1.

Therefore, we have finally identified the deformed brackets that would enable us to derive the de-
formed transformation using Poincare generators, as

[MW,XP] = i(nl,pf(“ — nupf(l,) — i(aHMl,p — al,Mup) (4.21)
[P, X,)] = —inud(P) +ia,P,;  ¢(P) = alP, +1\/1+ a2P? (4.22)

It is possible to verify that the aforementioned deformed commutators do in fact reproduce the stan-
dard brackets in the commutative limit a,, — 0 limit, i.e.

My, X, = i(00p Xy = 0o Xo)s [P K] =~ (4.23)

So the deformed transformations compatible with the space-time algebra (4.1) can now be written as
Under deformed translation: §X* = ie®[P,, X*] = e"¢(P) — (e,a”)Pr (4.24)

Under deformed Lorentz transformation: 6 X" = %w“ﬁ [Ma57 X Hl = wt WX 4+ w*Pa, M st (4.25)

Again in the commutative limit, they reduce to the typical transformations listed in (4.2).
The coordinate operators X*’s reveal non-vector like transformations under the deformed Poincare
transformations, as can be seen from (4.24, 4.25). It is simple to verify once more that these modi-
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fications preserve the structure of coordinate algebra (4.1). In other words, under (4.24, 4.25), the
structures of (4.1) remain stable.

It should be observed that while the Poincare algebra itself is not distorted, the deformed structure
of the space-time commutator (4.1) causes the action of the Poincare generators on the module i.e.
the algebra produced by the coordinates X*, to be severely deformed. That is to say, the undeformed
character of the iso(1, 3) Lie algebra does not reflect the type of deformation. However, as we will
show in the next section, that this deformed action has its roots in the deformed representation of the
Lorentz generators M,,,,’s, when represented in terms of X, and P,.

411 Deformed co-algebra and the construction of Heisenberg double

As we have seen in the last sub-section, the symmetry underlying the x-Minkowski space-time M
is captured through deformed actions (4.24,4.25) of Lorentz generators. Remarkably, despite this
deformation, the algebraic sector of the deformed symmetry remains unchanged compared to the
undeformed Poincaré algebra. Naturally, a pertinent question arises: how does the deformed action
affect the dynamics of single and/or multiparticle systems? As evidenced by a substantial body of lit-
erature [122,125,128,130], wherein the authors have diligently calculated the deformed co-algebraic
structures, specifically the deformed coproducts (A), deformed antipodes (.5), and co-units (€). Al-
though these co-algebraic structures may not bear direct relevance to our study of the kinematics
and dynamics of a single-particle system, they can be employed to provide an alternative derivation
of the deformed Heisenberg algebra (4.22) through the construction of a Heisenberg double within
the framework of a Hopf algebroid. In this endeavor, we shall primarily follow the methodologies
outlined in [57]. To embark on our exploration, let us present the expressions of the coalgebraic
structures as documented in the literature.

A(B) =By @¢+18 Py au(Po™) @ PP + L(F(P)6™) ® (a.P) (4.26)
~ ~ ~ ~ a/\ ~ ~ ~ a)‘ ~ ~
A(Ny) = My &1+ 10 N, + a, (P~ ?F(P)>¢’1 ® Ny, —ay (P~ EF(P))(;S’l ® Ny,
(4.27)

F(P) = % (1 —yJ1+ a2152)

We have provided a brief derivations of these coproducts in the Appendix-D 3. And the deformed

antipodes S(M,,, ) and S(P,) are given by

S(B,) = (— Py, +ia,(Py — %“F(P))Pa)a;—l (4.28)
S (W) = =My, + i (P MTQF(P))MW ~iay (B~ “LT“ (P)) Ve (4.29)

fulfilling,
o m[(1®5)A}:m[(5®1)A}:noe

3 Actually, it will become clear in the sequel that this exercise is tantamount to a verification of the self-consistency of the

deformed Heisenberg algebra (4.22). This is because, (4.22) is used in Appendix-D to derive the coproduct A(P,,), A(M,..,)
(4.21),(4.22). On the other hand, these coproducts are used in this sub-section to derive (4.22).
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where 7 is unit of the algebra and ¢ is the co-unit given by
E(I:)/L) = E(M/W) =0 (4.30)

which remains undeformed. One can observe at this stage that appropriate commutative limits i.e.
the so called primitive forms of these co-algebraic structures are easily obtained in limit a,, — 0.

A(P) = Do(P)) =B, ®1+1@ P, (431)
A(Mw) = Do(My) = My @1+1@ M, (4.32)
S(B,) = So(B,) = —Pp (4.33)
S(Myuy) = So(Myy) = =My, (4.34)

First observe that the abelian sub-algebra [P, P,] = 0 (43) indicates that the space J of abelian
space-time translation generators P € J C iso(1,3) in the commutative (a,, — 0) limit (M = M)
with X,, € M — §, € M can be used to describe the standard quantum mechanical phase space,
associated with undeformed Heisenberg algebra ([¢,, §,] = 0 = [15#, Py]; []5#, Gy = —inu), in terms
of a smash product H, := U(J) # U(M), defining Heisenberg double with undeformed Heisenberg
Hopf algebroid structure *. Note that here the generators of the 4-momenta which are dual to ¢’s can
acton M. And in this Hopf algebroid, we have two abelian Hopf algebras, given as functions of §* and
P,, which are dual to each other. The coalgebra sector of g,’s are clearly primitive i.e. undeformed.
In particular, the coproduct of §,, is

Ao(du) =3P ®GP =4 21+1® 4, (4.35)

where we have made use of the Sweedler’s notation. The primitive coproduct of P, (4.31) can like-

wise be expressed as Ay (P,) = ]5,51) ®f3‘§2). Using this notation, we can define the cross-multiplication
rules for H, as [130]
Pugy, = ¢V (PM, 4P PP (4.36)

where (., .) represents canonical duality pairing and is defined as,

(Puydu) = Pu> Gy = [Py, 4]0 1= —iny,. (4.37)
And this, in a Hopf-algebraic scheme, corresponds to the binary duality map
JoM—=C

P®q— (p,q)

Note that, here we are just dealing with translational abelian subalgebra J of Poincare algebra: J C
iso(1,3). Equation (4.37) needs to be augmented with the following actions

Guv1=4q, P,p1=0 (4.38)

Now to capture NC phase space, we need to construct the deformed smash product # := U(J) #U(M),
where we need to essentially replace the primitive coproduct of abelian generators (4.3) P, by the de-

4 As we have shown later, that G, in our case can be related to X, through a momentum dependent non-singular matrix
(4.82), while the momentum undergoes no deformation.
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formed one: Ag(P,) — A(P,) (4.21). On the other hand, the actions of P, and X, along with the
duality retain their same forms given by

X, p1=X,, (P,X,):=P,>X,=[P,X,|>1=—in, (4.39)
Not only that, the cross multiplication in # also retains the same form (4.36)
P X, = X0(P, X2 P (4.40)

except that we now need to use the primitive co-product for X, i.e. Ag(X,) = X fbl) ® X ,52) =X, ®
1410 X » (D.10) here, rather than the deformed coproduct A(X ») (D.9). To understand the reason
behind this, consider the following pairing with the rule (a ® b, ¢ ® d) = (a, ¢)(b, d)

~ ~ ~ ~ ~ ~ -~ ~ a ~ ~ ~
(AP, Xy ® X,) = (P, X,){(¢, X,,) — a#<¢ ! (PA - §F>7X,,><P’\,Xp>
= —”hwap + ia;tnpu (441)

where we have used (f(P), X,) = f(P)>X, = [f(P), X,]>1 for an arbitrary function f(P) and ¢(P)>
1 =1 for ¢(P) given in (4.20).
Now anti-symmetrizing the relation (4.41) with respect to the indices v, p, we can write, using (4.1)

<A(PH),XV & Xp - Xp & XI_/> = <Pp,7 [XIMXPD = i(nupau - nl“’ap) (442>
This shows that the commutator algebra (4.1) is dual to the coproduct A(P,). One can easily check,
at this stage, that this duality will not hold if we were to make use of the undeformed i.e. primitive

coproduct Ag(P,) (4.31) ie. (Ag(P,), X, ® X, — X, ® X,)) # (P,,[X,, X,]). On the other hand, the
vanishing nature of the pairing

(Bu® B, — P, ® By, Ao(X)) = ([P, P, Xn) = 0 (4.43)

indicates that the vanishing commutator of P,’s (4.3) is dual to the primitive coproduct Ag(X,,).

Again this duality will not hold if we were to use the deformed coproduct A(X,) (D.9) as this involves
P,’s in its expansion °.

These important observations deserve to be emphasized once more. So to put it in other words, the
commutator algebra (4.1) involving space-time coordinates X, is dual (4.41) to deformed coproduct
of momenta A(PN) (4.40). In contrast, the vanishing commutator algebra (4.3) involving momenta
15“ is dual (4.43) to the undeformed i.e. primitive coproduct of X e Ao(X «) (D.10).

So finally, making use of (4.40) we can write, following [57],
[P, Xo] = XEUBD, X PP — X, P,
= it +m[(A = Ag) (P @ (X, @1)
A straightforward computation the readily yields

[Py, X,)] =~ + ia, P, (4.44)

5This coproduct A(X,,) (D.9) will correspond to the Hopf algebroid H := U(iso)(1, 3)#U (M), where the algebra A is
associated with enlarged basis (X, P, M,..,) (Appendix-D) [57]. Here, of course, we are not concerned with that.
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reproducing the deformed Heisenberg algebra (4.22).

Now with this, the co-algebra sector gets deformed, deforming the Hopf algebra structure as a whole.
Thus, it is clear that the two particle sector of the symmetry generators’ action is significantly dis-
torted. Naturally, the following question arises: what deformation, if any, exists in the one particle
sector itself and how to recognise it? By constructing a dynamical model, namely the Lagrangian of
a relativistic spin-less free particle in x deformed space-time, which possesses the same symmetries
as those of the space-time itself, we attempt to provide a solution to this question in the next section.
It will also be demonstrated that the model generates non-trivial momentum space geometry, which
in turn produces a dispersion relation that encodes the deformation in the one particle sector.

4.2 Construction of a dynamical model invariant under deformed
symmetries

We've already seen that deformation has no discernible impact in the one particle sector of x Minkowski
space because the undeformed iso(1,3) algebra yields an undeformed Casimir P? = P, P*, which is
anticipated to be adequate to label spin-less one particle states by assigning a mass m (P? = m?) to
it. However, a modification in the motion of a relativistic free particle, on the other hand, may result
from a deformed mass-shell condition caused by a curved momentum space. In this part, we demon-
strate how to build a dynamical model that respects deformed symmetries and that produces both the
classical x Minkowski algebra and the phase space algebra resulting from its symplectic structure, as
well as the deformed mass-shell condition that affects dynamics. As we shall see that the mass-shell
condition has no bearing on the symplectic structure, so we first assume it to be a generic deformation
of the typical mass-shell condition. Later, we derive its precise form from the geodesic distance in a
curved momentum space, which appears as a bi-product because space-time isn’t commutative.

Here, using a purely algebraic method, we provide a systematic procedure to construct a first-order
version of the Lagrangian L} to represent a relativistic free particle. We require that the Lagrangian
must yield a symplectic structure, which is same as the classical version of the phase space algebra
of k Minkowski space, and that it must be unaffected under the deformed symmetry transformations
(4.24,4.25) of x Minkowski space-time. On the way, it will be clear how the algebraic and dynamical
methods are consistent with one another. It is gratifying to see that the Poincare generators account-
able for the relevant deformed transformations are really produced by the symmetry generators de-
termined using Noether’s method, i.e. by varying the above Lagrangian.

The Lie algebraic type of noncommutativity between the coordinates (4.1) and the intricate structure
of the deformation in the sector of the phase-space algebra (4.22) makes it challenging to write the
Lagrangian of a relativistic free particle that also respects the deformed symmetries of a kK Minkowski
space-time. This was previously done for Snyder space-time [131,132] differently. Here, we propose

a novel yet simple way to build the required Lagrangian, that we will discuss step by step in the fol-
lowing paragraphs.

As a constrained system, a first-order form of the Lagrangian of a relativistic free particle in x Minkowski
space must yield Dirac brackets compatible with the coordinate and phase space algebras associated
to the commutators (4.1,4.21, 4.22), and may be considered as the classical counterpart of the respec-
tive commutators. As a result, we begin by demoting the operators X, P to the classical commuting
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variables X, P, which satisfy the necessary Dirac brackets derived from the commutators (4.1) and
(4.22) by proper substitution. Therefore, we essentially operate in the limit 2z — 0. It follows that
neither quantum effects nor effects of non-commutativity in the form of a fundamental length scale
(such as lp = VARG (c = 1)) are anticipated to persist in this limit. Specifically, the non-commutative
parameter o/ that was assumed to be of the order of the Planck length scale I p vanishes in this limit.
However, it should be noted that constructing the Dirac bracket from the commutator bracket neces-
sitates the following identification:

[f.9] — {f.9}p.5 = lim % £, 9] (4.45)

where £ is reinstated in the commutator brackets. Thus we have to effectively replace a* — %

in all the relations (4.1) and (4.22) and write,

=:at

(X, X ¥po5 = 0, X0 — 00Xy = 0p0; {Pu, Xu}DoB = —Thps [a.P +V1+ a2P2] ta,P; {PuPlpp=0
(4.46)

Now a* will be of the order of \/% . Even though the Planck length /G fails to survive the limit
h — 0, it is possible to hold the ratio % fixed if both the limits G — 0 and & — 0 are taken at the

same time. This gives us a mass scale of \/g ~ L, which could potentially be measured through
experiment but is assumed to be the inverse of the Planck mass m p. This may be viewed as a regime
of quantum gravity, where the only inherent scale is the mass scale mp. In light of this, one does
not expect to observe any effects of the NC character of space-time resulting from a length scale, but
one can expect to observe the effects of finite mass scale via the appearance of curved momentum
space [52], which is then anticipated to change the dispersion relation even for a single relativistic
particle.

In the literature [97,98], there is a well-established algorithm for getting Dirac brackets from a given
constrained form of Lagrangian. But in this case, since we have the anticipated Dirac brackets (4.46),
we follow the route backwards to obtain the first-order Lagrangian in the following manner:

e Recall that the Poission bracket {.,.} may be used to express the Dirac bracket (D.B) {.,.}pgs
among the phase space variables as

(€, 6P .5 = {6, 6D} — {2 ATH) (=5, eP); ab=1,2p,0=0,1,2,3  (447)

nooSv noo Sy

Both X, and P, are thought of being configuration space variables in a first-order Lagrangian
of an extended configuration space. It is, therefore, appropriate to refer to them as 5,81) =X,
and 5&2) = P,. Two sets of constraints associating canonical momenta with functions of the
enlarged configuration space variables are produced by a specific first-order Lagrangian, taken
to be of the following form

L= —gu(X,P)P" — f,(X,P)X" — H (4.48)
dependent on X, P, and they have the following general structural form:

N, =100 + fu(X,P)~ 0; X% =TI+ g.(X,P) ~0. (4.49)

where ILY = ai'(Lu and IT7 = % as the canonical momenta conjugate to X, and P, fulfilling
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the following relations,
{X;L?H])/(} = Nuv = {P;u Hf} (450)

We must specifically determine f,, (X, P) and g, (X, P), which are appropriate functions of con-
figuration space, in order to build the Lagrangian of a free relativistic particle in xk-Minkowski
space. Additionally, A~! in (4.47) is the inverse of the constraint matrix A, which may be ob-
tained by using (4.49) as

(M) ={=(V, =01 (4.51)

e Since we already know the Dirac bracket relationships between the phase-space variables pro-
vided by (4.46), we can quickly get the inverse of the constraint matrix A from (4.47) by varying
the index a of £, as shown below:

o n ¢(P) — a¥ PH
(A" 0y = ( ) (4.52)
" ¢(P) + at PV 0

e The corresponding inverse matrix A can be obtained as,

0 —Nuw — t(P)a,P,
Apv,ay = ¢~ H(P) (4.53)
Muw(P) + H(P)a, Py 671 (P) B + t(P)(800® Py — B0 )
where t(P) = W. One can indeed verify the identity A, o5(A71)"* . = 6, * d4c holds.
The precise forms of both functions f,(X, P) and g,(X, P) in the constraints (4.49) must be
found, and the constraints must satisfy the relation (4.51). We get at the following set of solu-
tions for the phase space function f, (X, P) and g,(X, P) in (4.48) and (4.49)

(0.X)F, } (4.54)

fu(P)=0;  gu(X,P)=¢""(P) [Xu+ o(P)—aP

using simple observations along with some informed guesses. By inserting the solutions (4.54)
back into (4.48) and (4.49), one can verify that the relations in (4.51) are in fact fulfilled and
that the solution is unique up to a total time derivative ( see Appendix-D)

e We may retrieve the explicit forms of the canonical momenta, after the constraints have been
identified, as follows,

W= fu=0 TF =g = o7 (P)[x, + %]

5P —aP (4.55)

The desired Lagrangian (4.48) of a relativistic free particle in first order form may be expressed
as follows,
(a.X)P,

Ly =07 (D) | Xut #(P) —a.P

|7 = e(r(P?) = pm?)) (4.56)
Here, the expected deformed mass-shell condition f(P?) — f(m?) = 0 is enforced by the La-
grangian multiplier e and 7 is the system’s evolution parameter. While "m" can be understood
as the "bare" mass occurring in the eigenvalue equation of the Casimir operator P? = m?,

M = /f(m?) is to be identified in the sequel, with the measured renormalized mass of the
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particle. We assume that m > 0 and that P* is a time-like vector. Using this version of the
Lagrangian, one can now do the Hamiltonian analysis and verify that the desired classical real-
isation of the x Minkowski phase-space algebra (4.46) is indeed reproduced (see Appendix-D).

Note that, due to our expectation that the d’Alembertian will commute with all the generators of
the iso(1, 3) algebra, we have opted to use a deformed mass-shell condition in which the associated
d’Alembertian operator is selected to be a function of P? as f(P?) instead of just P? (4.3). The Hamil-
tonian H may be clearly recognized as,

H = e(f(P*) — M?) (4.57)

The symplectic structure (4.46) turns out to be unaffected by the precise form of the function f, but
the temporal evolution of the system, which is now understood to represent the unfolding of gauge
transformations produced by the first class constraint f(P?) — M? =~ 0 does depend on f. By relating
the d’Alembertian to the squared geodesic distance between a preferred origin, taken that corresponds
to the vacuum P* = 0, and a point p with coordinate P* in momentum space P, it will be possible to
precisely identify the functional form of f in the following section. We will discover that it is deformed
as a result of the curved and non-trivial geometry of momentum space.

4.2.1 Deformed mass-shell condition

In the special theory of relativity, with flat momentum space Py the dispersion relation can be under-
stood as the square of the distance along a straight line between a particular point p having coordinates
P"in Py and an origin that is chosen to correspond to the ground state, coordinatized as P* = 0 (Fig.
41).

p1(P1)

Figure 4.1: Mass-shell diagram

The diagram depicts one parameter family of hyperboloids, parameterized by eigen-values of the Casimir v P2 = p, cov-
ering the forward light cone in the flat momentum space Py. A sample of 3 hyperboloids has been shown. Here the dashed
lines indicate straight line paths connecting the origin to the points on the final hyperboloid which is the mass-shell V. P2 = m

with momentum coordinates P/*, P4" in Pg.

The square of distance in Minkowski space, which is C' = 1,5P*P? = P? = m?, is generalised
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[60,133,134] for curved momentum space to

o= = ([ Vo) = ([ o o) r=2 s

where the momentum space metric is g,,, (p). To generate a coordinate chart for the points in the for-
ward light cone of the curved momentum space P, we once again use the P,’s of the flat momentum
space Py.° We are going to begin with the task of identifying g,,.,(P). First, notice that we may recast
the Lagrangian one-form in (4.56) in the following manner for more concise expression:

(4.59)

LTCZ = XaE H 2 2 . nw o —1 “w a(xP'u
jdr = ~X“E(P)o"dP, — e(f(P?) = M*)dr;  E(P)o* =6 (8." + )

¢—aP

Additionally, the occurrence of this E(P), * may be linked to (4.22), where its inverse occurs as
(X P} = (BETHP) s (B7H(P)* u = 0% up(P) — 0, P (E7H(P)* B(P) 5 = 6% 5 (4.60)

in the corresponding Dirac bracket. In comparison, the Lagrangian one form of a relativistic free
particle in flat momentum space is provided by

Lrdr = —1%00 Pdps — Hdr (4.61)

It is obvious that the curved nature of momentum space (P) geometry is expected to arise from the
non-trivial components of E(P) (4.59) or E~!(P) (4.60), which are now interpreted as the compo-
nents of of vielbeins in the momentum space. It logically implies that there will be some modification
from the flat momentum space (P;) line element

dS? = ngdPdP® (4.62)

to some modified expression in curved momentum space entailing suitable insertions of E or E~!
matrices, where the Latin indices are to indicate the flat Lorentz indices. Before continuing, it should
be noted that the cotangent space 7); (P) at an arbitrarily chosen point p € Py is inherently holonomic
in nature and dP’s in the aforementioned statement serve as its orthonormal basis. It is only possible
to generate equivalent orthonormal basis e“’s for the cotangent space 7, (P) for p € P by contracting
the indices of the E~! matrix as

e’ = (E~1)* ,dP" (4.63)

which, generally speaking, is non-holonomic (i.e. non-exact form) in nature de® # 0. To distinguish
orthonormal and holonomic basis elements in this instance, we have once more employed Latin and
Greek indices. Also note that E, * — §, * when either a,, or P, — 0. By replacing dP® in (4.62) with
e® in (4.21), it is now simple to construct the line element corresponding to the curved momentum
space P as

dS% = nup(E~H J(E~1b ,dP"dPY (4.64)

This helps us to just read-off the metric g, (P) in P as

G (P) = nap(E~H)* W(E7H", (4.65)

6Remember that since we aren’t working with massless particles here, we are excluding the null directions from our con-
sideration.
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so that
ds? = G (P)dP*dP" (4.66)

holds. Now substituting (E~1)® , from (4.60), we get
-&IW(P) = ¢277/u/ - ¢(aupz/ + aVPH) + a/LaIJPQ (4.67)

the inverse of which is given as

§"(P) =n"E,"(P)E," (P) = ¢~ %[0 +

akP? + ¥ PH a2 PrpY o~
2}; 3" gy, =6", (4.68)

¢ —a.P * (¢ — a.P)

The significance of using an overhead tilde over the metric g,,, and P*’s will become clear very soon.
It is important to note that neither g, nor §*” are covariant under Lorentz transformations, primarily
due to the presence of a’s, which are not true vectors. As a result, they cannot even be considered
proper as Lorentz tensors and the momentum space P cannot be identified as a genuine differentiable
manifold equipped with a metric field g, (P) that transforms covariantly under diffeomorphisms.
Instead, g, (P) represents a four-parameter family of deformed metrics, and P cannot be associated
with a group manifold or any maximally symmetric space either, unlike the one in [52, 60], for in-
stance, where only a single mass scale is involved. However, since the geodesic distance (4.31) in a
curved manifold should remain invariant under diffeomorphisms, we cannot use the non-tensorial
metric gw(ﬁ’) (4.67) to compute the geodesic distance. In this scenario, to extract any meaningful
information regarding the extremal distance, we can formally introduce a covariantly transforming
metric g, (P), where §,,(P) (4.67) is treated as a specific form of the metric g,,,(P) in a chosen
inertial frame, referred to as the fiducial frame. In this formal treatment, we distinguish the corre-
sponding quantities using overhead tildes. This formalism ensures the diffeomorphism invariance
of dS? (4.66). However, to achieve this, we need to formally promote both the a*’s (a quadruplet of
scalars) and P"’s (Lorentz four-vectors) to objects that transform as vectors under diffeomorphisms,
as follows:

P, (4.69)

H ~
a? - 8{3 a?; PP o —
opPs ops

Similarly, we do the same for their counterparts a,,, P, that are covariantly transforming such that the
metric g,,,, (P) may be generated from g, (P) by requiring it to change covariantly as

I oP~oPs
Guv(P) = g (P) = 550 =5 Gap

(4.70)

dP> oP”?

5P 5pv Nas- We shall restore the re-

and the flat metric 1,4 to transform likewise as 1.3 = G, =
spective statuses of a®, P* very soon.

For objects referred to in the fiducial frame, we use initial greek indices like o and 5 as subscripts
or superscripts, and middle ones like y, v, etc. in any other frame. Further, at this formal level, we can

see that
OPH OPY

" ope ops
and therefore ;? remains invariant and can be treated as a scalar under diffeomorphism as well.
Consequently,

p?— naﬁpapﬂ = =G pPeph = naﬂpaf’ﬂ =2 (4.71)

Gap(P)P°PP = P2(1 + a®P?) = 12(1 + o*1i?) (4.72)
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is also diffeomorphism invariant. Here we have made use of the condition P?> = 5,3 P*P? = 12,
appropriate for the hyperboloid labelled by VP2 = w (Fig. 4.1). This quantity (4.72) is specifically
needed for our computation of geodesic distance which we shall discuss next. So it is evident that
even if we were to compute this quantity (4.72) for any other choice of the fiducial frame, our results
will not change.

When calculating the deformed dispersion relation, we must first determine the geodesic distance
between the origin, which stands for the ground state and has the coordinate P* = 0, and any other
point p in the forward light cone in the energy-momentum space P. While it is obvious that the
geodesic must be time-like in the sense that the tangent vector at any point along the geodesic must be
time-like, the intricate structure of g, (4.67) makes it challenging to explicitly calculate the geodesic
distance. Therefore, we will use a different method and employ the differential equation [135] ful-
filled by the geodesic distance D(P) := D(0, P) (4.58), which is given by

0

L v —1- Hoo— _—
O"D(P) g (PYO'D(P) = 1; 9" = -

(4.73)

where we have assumed that P is a genuine Riemannian manifold” . Using C' = D?, where C is the
d’Alembertian operator, one can express this equivalently as,

9"C(P) g, (P) 8 C(P) = AC (4.74)

As previously stated, we now limit our search for C to the form C' = f(P?). Geometrically, this simply
implies that, if P, and P are both members of the same hyperboloid, then P = P§ = m?. To put it
another way, we suppose that this equality holds true for both the flat space Py and the curved space
P (see Fig. 4.1). As a result, the distances between the origin (P* = 0) and any other point in the
same mass-shell remain equal. Additionally, this guarantees that the whole Lagrangian is Poincare
invariant (4.56). Finally, by applying (4.72) and the substitution C' = f(P?), we obtain,

M =+/C =D(0,P) = a® = n,ata”  (4.75)

1/P2=m2 d(MQ) _ /m d,u
2 Jo V(1 + a?u?) 0o J1+a2u?

At this stage, we can restore the respective original statuses of a# and P*. So far we have not imposed
any condition on a? , but now we will consider three different cases for a,, being “null" (i.e. a? = 0),
“space-like" (a? < 0) and “time-like" (a® > 0) respectively.

Case-1 (a? = 0)

It follows quite trivially from (4.75) that for a> = 0 we find no NC effect in the dispersion relation as
M =m.

7 As stated in [52,60], the manifold may not be torsion-free and the metricity criterion may no longer hold. It might not
fit into any pseudo-Riemannian manifold. However, all of these topics go outside the scope of this thesis since they call for a
study of multi-particle systems and the principles governing the composition of individual particle momenta. Any violation
of the associativity and commutativity of the sum of linear momenta is particularly significant.



4.2. Construction of a dynamical model invariant under deformed symmetries 57

Case-2 (a® < 0)

In this case (4.75) can be simplified to

_ 1 C o1 2
M = W [sm (mv —a )} (4.76)
Taylor series expansion around the commutative limit a — 0, is given by
1 A2 3N
M= A+—+—+...}, for A =my/—a2 < 1 (4.77)
—a2 6 40

Since sin~' A for A\ > 1 is undefined this naturally puts an upper bound on m as m < \/_172 The
corresponding bound for M is given by M < PV (see Fig- 4.2).

Case-3 (a? > 0)

In this case the integral (4.75) simplifies to

1
M= sinh™(am);  a= Va2 (4.78)

The aforementioned equation makes it evident that neither m nor M are strictly speaking bounded
[see Fig. 4.2]. There is, however, a subtle point to note. To illustrate this point, it will be of help to
remember that for given suitable ranges of the dimensionless parameter ¢ := am, sinh™' (¢) may be
Taylor expanded as
3 5
ik ¢ { E-5+5 9+ ... ) for |¢] < 1 (479)
ﬁ:{ln|2§|+é—%+ﬂ(f G)f...] for +£>1

A smooth commutative limit, as £ — 0, requires that we consider only the case where || < 1in (4.79).
The other case, where £ > 1, clearly does not allow for the desired commutative limit. Therefore, it
implies that £ = 1 serves as a critical point. For £ < 1, one can think of constructing an appropriate
power series expansion, similar to perturbation theory, to obtain the corresponding noncommutative
expression. On the other hand, the regime £ > 1 (shown as the dashed line in Fig. 4.2) cannot be
reached from the commutative end by any form of power series expansion. This regime (m > 1 or
equivalently M > %sinh_l(l) ~ 0:89) therefore exhibits some "non-perturbative" features. This is
reminiscent of the binomial expansion of Einstein’s dispersion relation £ = v/ P2 ++m?2, which has
two regimes: |P| << m and |P| >> m. In the former case, we recover the usual expression for the
kinetic energy of a non-relativistic particle: £ = % (up to the additive rest mass energy), while in
the latter case, we obtain the ultra-relativistic regime FE ~ |P|, where the particle is effectively mass-

less. In Einstein’s special relativity, the critical point is given by % = 1, which corresponds to the
situation described above. The non-relativistic limit in special relativity corresponds to the commu-
tative limit in the previous case, while the ultra-relativistic limit corresponds to the aforementioned
"non-perturbative" regime. Just like in the previous case, one cannot obtain the dispersion relation
in the ultra-relativistic domain from that of the non-relativistic domain through any form of power
series expansion.



4.2. Construction of a dynamical model invariant under deformed symmetries 58

[
A
o oo

N
v

T am

>
Figure 4.2: Plot of aM vs. am where a := v/£a? (£ for time/space like a*)

In this context, it is important to recall that the fundamental obstacle in quantizing gravity lies in
the presence of a dimensionful coupling constant G, where % corresponds to the Planck mass/energy
in natural units. Consequently, any interaction involving quantum gravity necessitates a power se-
ries expansion in miP, and for £ > mp, the sum of this expansion diverges, rendering the theory
non-renormalizable. This indicates that our classical analysis of single particle kinematics is likely to
break down in the regime ¢ > 1 (equivalently m > 1) for "time-like" a’*.

Finally, it is worth mentioning that the mass M introduced in (4.75) can indeed be identified as a
renormalized mass in the spirit of Quantum Field Theory. It can be regarded as the observed mass,
in contrast to the bare mass m. To better grasp this concept, we can treat P as a genuine pseudo-
Riemannian manifold, where D?(0, P) (as given in (4.75)) can be expressed in the following form:

D?(0, P) = (T1°)% — (I1)? = 5y, 111 = M? (4.80)

Here, II*’s represent the Riemann normal coordinates defined on the tangent plane Tj(P) at the origin
Pt = 0 of the momentum space P. These coordinates are related to the P*’s through the well-
known exponential map [50]. Consequently, one can establish a correspondence between a convex
neighborhood N of Ty (P) and another convex neighborhood A of P in proximity to the origin. This
correspondence allows us to express the following invertible relations for ‘space-like’, 'null’, and "time-
like” a, respectively

#%2 sin~! (mv/—a?) for a?> <0
n =< pe for a?=0 (4.81)
mI\D/}Q sinh ™! (mva2) for a?>>0

where n% = %a; n® € Ty(P) is a unit time-like vector tangent to the geodesic at the origin: n*n, =

Napn®n® = 1. Tt can be parameterized as n® = (cosh ¢, sinh v sin 6 cos ¢,

sinh 1) sin 6 sin ¢, sinh 1) cos §) in terms of the polar coordinates (¢, 8, ¢) and can be used to parameter-
ize the space-like 3D hyperboloid n*n, = 1 (4 = 1 hyperboloid in Fig. 4.1). The momentum space P
can be parameterized in the vicinity of the origin using either a "polar coordinate’ system (u, 1, 8, ¢)
with p as the radial coordinate (as depicted in Fig. 4.1), or by the original P* variables themselves
(which incidentally coincide with the P® coordinates used here), or by any other transformed coor-



4.2. Construction of a dynamical model invariant under deformed symmetries 59

dinates P’* obtained through diffeomorphism transformations of P*, i.e., P'* = P'*(P").

It is worth noting that both the matrices E (as given in (4.59)) and E~! (as given in (4.60)) reduce
to identity matrices at the origin. Additionally, without explicit knowledge of the geodesic equation,
we cannot construct Riemann normal coordinates at any point along the geodesic away from the ori-
gin. However, the II* coordinates (as defined in (4.67)) hold a special significance, as they can be
identified with the components of the renormalized and observed 4-momentum. This interpreta-
tion gains further support from the fact that the flat metric 7,,,, can only be recovered from g,,,,(P) (as
givenin (3.22)) in the limit P#* — 0, akin to the situation where space-time is probed by a soft photon.

Finally, it is important to note that all known elementary particles satisfy this type of bound, and
heavier particles can be regarded as composite in nature. Consequently, the total energy and mo-
mentum of such composite systems can no longer be obtained by simply adding the momenta of the
constituent particles in a general curved momentum space [136]. In general, the total energy and
momentum will be less than the sum.

4.2.2 Deformed Lorentz generators

In order to characterize the deformed structures of the Lorentz generators ), we consider the ki-
netic term K'dr of the Lagrangian one-form (as given in (4.59)). Specifically, we can identify commu-
tative coordinates ¢* as,

b yb po_ 1 " (a.X)PH 7 _
¢ = XPE(P)y# = o7\ (P)[X" + P —ap) Pn=Fu (4.82)
so that (4.59) can be expressed simply as Kdr = —¢*dP, , where these new phase space variables

satisfy the usual i.e. undeformed phase space algebra, as one can easily check using (4.46)

{p}pB=200, {¢"¢"}p.B=0 (4.83)

The pair (¢*, p, ) can therefore be identified as commutative variables. One can check that the inverse
transformation of (4.82) is simply given by,

X*=(E" (p)" na" = q“¢(p) — (a.q)p" (4.84)

The existence of the momentum dependent matrix E~' connecting noncommutative and commuta-
tive coordinates appears to be a pretty common characteristic in many forms of NC space-times, such
as the Bopp shift (2.20) occuring in Moyal spaces [39] and Snyder space-time [137]. It is important
to keep in mind that this mapping is solely provided at the classical level and is a non-canonical trans-
formation. Therefore, unlike the original X, these mathematically specified “position-like" coor-
dinates ¢, (4.82) cannot be treated as physical position variables. However, using this coordinate
mapping, we can pinpoint the source of distortion in the structure of Lorentz generators, generating
the deformed Lorentz transformation (4.25). To illustrate this, take notice of the fact that the standard
definition of Lorentz generators of the canonical coordinates ¢ and p fulfilling (4.83) is provided by

M,y = qupy — @by (4.85)
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satisfying all the commutators given in (4.3). Using the above transformation (4.82) enables us to
recast it in terms of non-commutative coordinates X*, we get

M,, = ¢ (P)(X,P, — X, P,) (4.86)

By employing (4.86), one can verify that the classical counterparts of (4.3) and (4.21,4.22) are simul-
taneously satisfied at the level of the classical bracket. It is worth noting that the translation generator
P, as we have previously observed, remains undeformed. In the subsequent discussion, we will fur-
ther confirm, using Noether’s approach based on the invariance of the Lagrangian (4.56), that the
deformed Lorentz generator indeed possesses the same structure as depicted in (4.86).

4.2.3 Invariance of L under deformed symmetries and Nother generators

Here, we demonstrate the invariance of the Lagrangian (4.56) under the deformed translation and
Lorentz transformation, which correspond to the classical counterparts of (4.25). This implies that
the Lagrangian of a relativistic free particle on k-Minkowski space preserves the same symmetry,
namely the deformed Poincaré symmetry, as that of the underlying spacetime itself.

Under deformed translation, the infinitesimal transformations of X and P in the classical context can
be expressed as follows:

SXP = —e{Pa, X"} p.p = "¢(P) — (ca)P*; 6P, =0 (4.87)

where ¢ is the infinitesimal translation parameter. Using (4.87), we can check that the infinitesimal
variation of the Lagrangian (4.56) is given by the following quasi-invariant form:

oL = —%(E.P); (4.88)
so that under deformed translations the action remains invariant. We can also derive the transla-
tion generator using Noether’s prescription, which establishes a connection between the algebraic
approach of obtaining generators and the dynamical method presented here.

To demonstrate this, consider that if the variation of a Lagrangian under a particular symmetry is
expressed as a total time derivative term, such as §L = 4L, then the generator G of the symmetry
transformation is given by:

G =T56¢" — F (4.89)

where ¢ denotes the configuration space variables. So in our case with the extended configuration
space, the translation generator is given by

G" =1L 6X* + 11 6P* + (e.P) = e.P (4.90)

This expression represents the contracted form of the generator with the corresponding parameter ¢*,
and we can therefore identify the generator as P, itself. It is important to note that in this analysis, we
have not introduced any intermediate translation generator denoted as "0,," to represent P, as done
in references [125,128]. Unlike 9,,, which possesses an enveloping algebra valued transformation,
P, transforms as a four-vector under Lorentz transformations. We refer to these P,’s as our physical
momentum space in contrast to the literature mentioned above.

On the other hand, under deformed Lorentz transformations, the infinitesimal transformations of
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X and P can be expressed as follows:

apf
OXH = W2 {MQB7X'M}DbB:wuaXa—‘rwa’BaaMﬂ'u
wB o
0P, = 5 {Mup,P.}p.B =w, Py (4.91)

With this we get a complete invariance of the Lagrangian: 6L = 0. The contracted form of the Lorentz
generator can be identified in the same way as given in (4.89):

1
Gl = ¢ (P)w,, X'PY = 5" My (4.92)

which exactly matches with the definition (4.86), as mentioned in the previous section.

4.2.4 Finite Lorentz transformation

The non-canonical transformations used in section-4.2.2, (4.82,4.84), can formally be used to define
a finite Lorentz transformation. The finite Lorentz transformation in the commutative variables are
given by

¢ = " =N py = P =AM ATpA =0 (4.93)

where A € SO(1, 3). This will induce the following deformed transformation A in the NC coordinates
X’s as
Xt = X" = A", (a, P) X" (4.94)

where
M, P) = 67 (P)[6(AP)A", + (AP)"(a, — (a.A),)
= N+ 67 (P)|(@AP)A", + (AP)a, — (a.P)A", — (AP)"a,A” | (4.95)
while in the momentum sector the finite transformation remains undeformed.
P, =P, =A,"P, (4.96)

The dependence of A on P, and the deformation parameters a* reveals that A#,, does not close un-
der ordinary multiplication, in contrast to the undeformed A’s. This observation suggests that the
infinitesimal Lorentz transformation cannot be lifted to a finite one in this scenario.

Now considering an infinitesimal Lorentz transformation A*, = §*, + w* , for commutative space-
time, the corresponding A* , for the non-commutative space-time takes the following form

AP (@, P) = 6", + " (w, 0, P); @'y =w", — ¢ wepd” L PP — we, PM)a’, (4.97)
so that, X*’s transforms as

XFP o XM= XP 4+ 5XH = A (0, P)XY = (0", + " )XY (4.98)
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Interestingly, this expression for . X* can be further simplified to reproduce (4.25) at the classical
level: 0X* = Jw*?{Mqaz, X"}. Once again, it is worth noting that the infinitesimal parameter &*,,,
depends not only on the undeformed parameter w, but also on a and P.

Furthermore, it is important to observe that the non-vectorial transformation properties of X* do
not yield a Lorentz invariant quantity XX, = X?. Instead, the Lorentz invariant quantity Z can be
defined using the commutative coordinates ¢* as follows:

aX)(X.P) (a.X)P?
¢—aP N (¢ — a.P)Q]

This observation indicates that the Lorentz-invariant space-time interval naturally gives way to a dif-
ferent kind of invariant interval that involves the entire phase space variables. In a sense, the entire
cotangent bundle defined on the space-time manifold plays a fundamental role in this scenario. This
stands in contrast to the deformed space-time interval obtained in (46) of reference [138] for the case
where a® = L and @ = 0. The distinction arises from the deformed structure of their Poincaré algebra
itself, which is different from the one in our case.

2
T =nuwq"q" = ¢ *(P)| X" X, + ( (4.99)

4.3 Chapter summary

We summarize our findings as follows. In this study, we adopted a bottom-up approach to investi-
gate particle dynamics in generalized x-Minkowski spaces. The Poincaré symmetry of xk-Minkowski
space-time, which remains invariant under the action of a relativistic free particle, plays a funda-
mental role in understanding the geometry of momentum space and deriving a deformed dispersion
relation.

Throughout the analysis, we maintained a fully covariant framework and initially examined the sym-
metry aspects of k-Minkowski space-time. By studying the consistency of Jacobi identities, we ob-
tained a set of deformed Poincaré generators while keeping the Poincaré algebra unchanged. It is
worth noting that the resulting Heisenberg algebra (4.22) is non-standard, and this deformation is
shown to have implications in the theory, as evidenced by the identification of tetrads in curved mo-
mentum space P. We then constructed an explicit dynamical model that respects the associated sym-
metries by formulating an appropriate first-order Lagrangian (4.56) for a massive and spinless free
relativistic particle in deformed x-Minkowski space. Our approach demonstrates the effectiveness
of Dirac’s constraint analysis or the symplectic method. Initially, the Hamiltonian was considered
as an undetermined function of the Poincaré Casimir (P?), as this generalization does not affect the
Dirac/symplectic structure of the theory. However, we discovered that this generalization has a signif-
icant impact on the energy dispersion relation, particularly through the observation of the first term
in our Lagrangian (4.56). We identified the presence of a tetrad factor E(P),* (4.59) in momen-
tum space P, which connects the global momentum variables P* with the local momentum variables
P¢. This, in turn, leads to the emergence of non-holonomic bases ¢* (4.21) in the cotangent space
of the curved momentum manifold P. This supports existing views in the literature regarding the
curved geometry of momentum space associated with k-Minkowski-type deformations of the space-
time manifold. The deformation in the Heisenberg algebra (4.22), resulting from the consistency of
the Jacobi identities, which is a consequence of the stability of the « algebra under different sym-
metry operations, is believed to be the key factor responsible for the deformations in the spectrum
even for a free particle in k-Minkowski spacetime. Additionally, we provided a mapping between the
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rk-Minkowski position coordinates and the usual commutative coordinates, reminiscent of the well-
known Bopp transformations (2.20) [39] that connect noncommutative and commutative coordinates
in the case of the Moyal plane. Utilizing this transformation, we explicitly computed the deformed
Lorentz generators, which were subsequently verified through Noether’s analysis on the Lagrangian.

The present analysis unveils a novel dispersion relation for a single particle, which has not been pre-
viously reported. This newly derived dispersion relation holds the potential to significantly impact
some astrophysical objects, particularly its influence on the equation of state. By revisiting Chan-
drasekhar’s analysis with this modified equation of state, it may alter the mass limit imposed on
white dwarfs [139]. Furthermore, we establish a relationship between the mass M (referred to as
the renormalized mass) of a particle in xk-Minkowski space-time and its mass m (known as the bare
mass) in commutative space-time. In our investigation, we examine three cases. For a light-like defor-
mation parameter, there is no deformation in the bare mass. Conversely, for a space-like deformation

parameter, the bare mass exhibits an upper bound of m < 1, along with a constrained renormal-

ized mass M < 5. In the case of a time-like deformation parameter, M becomes a monotonically
increasing function of m. While there is no upper bound on the mass m or M in this scenario as
such, the theory indicates the existence of a mass scale, anticipated to be on the order of the Planck
mass. Beyond this scale, the growth of M becomes virtually independent of that of m, resulting in
the renormalized mass sort of plateauing within a narrow range. This observation raises intriguing
questions about the nature of space-time itself and the measurements made in this regime of quan-
tum gravity, ultimately relating to the concept of relative locality [52]. An important outcome of our
analysis is that the momentum space P in our case cannot be identified as a group manifold, contrary
to the findings of [60]. The momentum manifold P now encompasses four distinct parameters a*,
each with its own significance. In situations where these parameters or scales significantly differ, the
manifold P cannot correspond to a maximally symmetric space. Even in cases where a* is purely
time-like, meaning a® # 0 and d = 0, the recovery of the group manifold AN(3) from [60] remains
unattainable. This discrepancy likely stems from the Lorentz covariant transformation properties of
the P*’s in our analysis, which contrast with those of [60]. Consequently, the composition of indi-
vidual momenta in a multi-particle system to obtain the total momentum becomes challenging [136].
Exploring the construction of multi-particle actions in the presence of interactions, such as simple
collisions, and studying the corresponding Hopf algebra symmetry holds great interest. Moreover,
through the dynamical analysis of deformed Poincaré symmetry, we observe that the action of finite
Lorentz transformations on x Minkowski space-time yields an invariant quantity (4.99) that depends
on all the phase space variables. This quantity can be interpreted as a generalization of the conven-
tional space-time interval. This observation underscores the notion that the geometry of the entire
cotangent bundle emerges as the fundamental object in this scenario. The introduction of a mass scale
acts as a unifying factor, integrating the coordinate space and momentum space, similar to how the
introduction of a universal speed unifies space and time in special relativity [52]. Consequently, this
represents a paradigm shift from the conventional geometric standpoint, perhaps indicating a more
fundamental role played by phase space, rather than space-time itself and may have a connection
with Finsler geometry [140].

Furthermore, our proposed geometric implications of deformed space-time symmetries hold the
promise of resolving various issues. For instance, an essential investigation would involve exploring
quantum gravity (QG) corrections to the world line path-integral formulation of effective quantum
field theory [141]. This formulation is grounded in the classical action governing a relativistic charged
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particle in the presence of a background gauge potential.

Additionally, delving into the case of a relativistic spinning particle in a xk-Minkowski background
presents an intriguing opportunity. In this scenario, the geometry of space departs from the Rieman-
nian framework due to the induction of torsion resulting from spinning particles. This avenue opens
up captivating questions that await further exploration.
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Chapter 5
Spectral distance on Lorentzian Moyal
plane

As was discussed in the chapter-1, Alain Connes formulated Non-commutative geometry (NCG)
[73] and applied it to fully describe the particle content-the gauge fields unified with Higgs fields
and fermionic fields of the standard model along with the gravitational action albeit at the classi-
cal level [142,143]. However, his formulation primarily focused on spaces with Euclidean signature,
specifically Riemannian manifolds. This aspect has posed a challenge for further development and the
fact that it is not in alignment with the realistic nature of our space-time, modeled as a differentiable
manifold with Lorentzian signature. Various attempts have been made to address this issue, such as
the "Wick rotation" method [143] and others [65]. Recent activities in this direction have shown a
lack of consensus in the literature regarding the axiomatic formulation of spectral triplet, appropriate
for Lorentzian signature [144-149,151]. Despite the ongoing debate, our study follows the work of
Franco et al. [151,152] in a preliminary attempt to compute the spectral distance between a pair of
time-like separated events represented by pure states of a C*-algebra. We focus in this chapter, on
the Lorentzian Moyal plane and demonstrate that the axiomatic formulations proposed by Franco et
al. adequately serve our purpose. This work can be seen as a sequel to the previous research on the
Euclidean Moyal plane [42], where authors also utilized the novel Hilbert-Schmidt operator formu-
lation of Non-commutative (NC) quantum mechanics [21], as reviewed in chapter-2. To the best of
our knowledge, the presented computation of distance in the Lorentzian Moyal plane represents the
first attempt in this direction.

The chapter is organized as follows: In section-5.1, we first revisit the computation of spectral dis-
tance in Euclidean Moyal plane using the spectral triple given in section-2.2 of chapter-2. We utilize
the Bargmann-Fock coherent state basis to represent states in the Hilbert space and employ the func-
tional differentiation approach to extremize various functionals that naturally arise in deriving the
spectral distance between a pair of pure states on the Euclidean Moyal plane. In section-5.2, we pro-
vide a brief outline of the construction of the Lorentzian spectral triple and discuss the emergence
of the algebraic ball condition as a result of causality, following the work of Franco et al. [151,152].
The subsequent section focuses on the explicit derivation of the Dirac operator and the ball condition
for two-dimensional Lorentzian commutative and non-commutative manifolds with (-,+) signature.
We then calculate distances using the functional derivative approach for these respective manifolds.
Additionally, we discuss the Poincaré invariance of the distance and the non-invariance of the "vac-
uum" under Lorentz boost. We conclude with some comments and future direction of this work in
chapter-5.4.
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51 Computation of spectral distance on Euclidean Moyal plane

In this section, we will provide a concise summary of the computation of spectral distance in the Eu-
clidean Moyal plane, as previously presented in [42]. However, in contrast to [42], we will utilize
the Bargmann-Fock coherent states to represent state vectors in the Hilbert space, facilitating a more
transparent computation and enhancing readability for the potential reader. This approach will es-
tablish the foundational framework and introduce the necessary notation, which can then be adapted
for the Lorentzian case. Remarkably, we will discover several points of connection between these two
cases, highlighting both their similarities and differences.
As discussed in chapter-2, the algebra governing the operator-valued coordinates of the Moyal plane
is given by:

[#1,%2] =10; 6 >0 (5.1)

The form of the commutator algebra (5.1) does not determine the signature of the underlying commu-
tative space; it can be either Euclidean or Lorentzian. This is evident from the fact that the NC algebra
(5.1) is invariant under both SO(2) and SO(1,1) transformations. However, Connes’ formulation of
NCG [76], requires the spin manifold to be Euclidean. Therefore, initial studies on computing spec-
tral distances between pure states in the Moyal plane [157] and fuzzy sphere [150] were limited to
Euclidean signatures, as the corresponding commutative limits yield manifolds with the associated
Euclidean metrics. Notably, in [42], computations were conducted at an operatorial level using the
Hilbert-Schmidt operator, which avoids the use of star product and any resulting ambiguities [38].
In the following, we will perform the same computation using a simpler approach, which will serve
as a foundation for computing Lorentzian spectral distance.

The spectral distance on Moyal plane is computed by employing the spectral triple (A, #,D) (See
section-2.2 for details) where

bt

A=Hy H=C>0H., D= Z(g %) (5.2)
The space #, corresponds to the set of Hilbert-Schmidt (HS) operators (2.6) operating on the "con-
figuration space" H. (2.4). Both H, and H. are Hilbert spaces, as defined in the chapter 2. The Hilbert
space H,, with generic forms such as (2.9), possesses the structure of an algebra. This allows us to
identify the algebra A with H, itself, i.e., A = H,. The algebra acts on C?> ® H.. through the diagonal
representation 7(a) := diag(a, a) from the left, enabling us to view C? ® H.. as the left module of the
algebra. Finally, in (5.2), D represents the Dirac operator, whose construction has been reviewed in
chapter-2 following [42].

In this context, there are two choices for states: the normalized Sudarshan-Glauber coherent state
given in (2.12) and the states |n) (2.4) as introduced in chapter-2 . Correspondingly, one can intro-
duce pure states p, := |z)(z|, and the so called “harmonic oscillator" states p,, := |n)(n| € H, which
are linear functionals of unit norm, acting on the algebra A = #, as

p=(a) = try, (pza) = (pz,a) = (z]al2) ; pn(@) = tru (paa) = (nlaln) (5.3)
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These pure states p, and p,, can also be interpreted as density matrices when viewed from #.. Follow-
ing the approach of Gel’fand and Naimark, we can associate p,, in particular, with the point having
the complex coordinate z in the Argand diagram, where the latter is considered as a smeared Moyal
plane. Here we shall find the spectral distance between a generic pair of states p, and p,, using Connes’
distance formula, as given by (2.25).

Given the structure of D in (5.2), the ball condition (2.26) can be expressed equivalently and more
concisely as follows:

B= {d : H[i)?a’]HoP = ”[l;T?a]Hop < g} (54)

As has been noted in [42] that the optimal algebra element a, € A for which the supremum is attained
in (2.25) , yielding the distance i.e.

d(pz, pw) = [p2(as) — pu(as)| (5.5)

must also saturate the ball condition (5.4) i.e. it should satisfy

1B, as]llop = 16T, @s)llop = \/2 (5.6)

Further following [160], we know that the search of such an optimal algebra element can be restricted
to hermitian algebra elements only i.e. we require G} = ;. To that end, we will consider the simplified
ball condition (5.4) and focus on computing ||[b, 4] |2, By utilizing the Bargmann-Fock basis (F.1)
and the corresponding resolution of identity (F.2) (refer to Appendix-F), we obtain the following
expression:

b, alll2, = sup (|[b,a]'[b,ally) = sup / dp(z, 2)dp(w, w)y* (2) (@) (2][b, 4] [b, aljw)  (5.7)
llpll=1 lp||=1

One approach to compute the supremum is to utilize the method of Lagrange’s undetermined mul-
tiplier to extremize the right-hand side of the above equation, subjected to the constraint (i|¢)) = 1.
Hence, we aim to extremize the following functional:

BY* (20020 A= [ e (000 (@) 1Bl ) — A | [ dutz, 200 (o) -1
(5.8)
with A being a real valued Lagrange’s multiplier enforcing the constraint ()|¢)) = 1. By varying
B[y*(2),1¥(Z); A] with respect to ¢(Z), ¢¥*(z) we get the following pair of equivalent equations,

['1b, allz) = Awl2)
['[b,a]l) = A(z[w). (5.9)

Q>

(W|[b,
(zI[b,

j= 3

In carrying out this functional differentiation we have used the basic relations like (E.5) and (F.6) (see
Appendix-F). Now since (5.9) is valid for any arbitrary |¢) and | z), the matrix elements of the operator
[b, a]T[b, a] between any pair of states [) and |¢) must satisfy (|[b, a]T[b, a]|¢) = A(|@); V [¥),|¢) €
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H.. It thus follows that we must have the following operator identity :
[b,a]T[b,a] = A (5.10)

The structure of this equation suggests that @ may only have a linear relationship with b and b', yield-
ing a real number on the right-hand side, as evident from the general form of the algebra element @ in
(2.10). However, this is not entirely true. In fact, as shown in [42], there exist finite-dimensional ma-
trix solutions for @ such that the positive operator [, a]'[b, a] is a diagonal matrix, but not proportional
to identity matrix. Consequently, one can identify states |1);) € H. corresponding to local extrema
with associated eigenvalues \; > 0, satisfying [b, @] [b, @]|1;) = Ai|1);). The maximum eigenvalue Ayax
can then be determined, and the operator norm ||[b, d]||,, can be computed as v/Amax (see Appendix-
G). These finite-dimensional matrix solutions for a, which result in a distance with A\, = g, are
utilized to compute distances between the "harmonic oscillator" states p,, and p,,, where they serve
as an optimal element. In our case, however, we aim to compute the distance between a pair of coher-
ent states p, and p,, (2.25). From the definition (2.12) of coherent states, it is evident that we require
a non-trivial infinite-dimensional solution for the optimal element d, that yields a distance with a
manifest invariance property under ISO(2) [42]. Additionally, we can provide an upper bound for
the distance (2.25), which is then shown to be saturated by the optimal element d;.

It is useful, at this stage, to briefly recapitulate this derivation. Here, we introduce a one-parameter
family of pure states p,,, := |pz){uz| with p € [0,1] being a real parameter, interpolating between py
and p. (we have assumed, without loss of generality, w = 0 by invoking the aforementioned ISO(2)
invariance). We can then rewrite the expression appearing on the right-hand side of (2.25) as:

1 n
/ du ‘ dpuz (a)
0 dp

By applying Cauchy-Schwartz inequality, this inequality can further be simplified as ,

dpuz

1
|p=(a) — po(a)] = :/ du‘zpuz[b,a}+zpm[b,a}f‘ (5.11)
0

1 .2 N 2 N - R
(@) = m(@) < V2| [ du\/ [puslb,al]| + |oualbralt|” < 2020y 1, B, alllop = 2121 16, alllop
(5.12)
Finally making use of the ball condition (5.10), we get the desired upper bound on the distance as,

d(p-, po) < V20| (5.13)
Equivalently by re-introducing z and w variables again by invoking ISO(2) symmetry we have,
d(pz, pu) < V262 — w| (5.14)

We can now take the ansatz for @ as a = &b + &b! with ¢ € C (as the algebra element should be
hermitian). We have from (5.10), |£|?> = X. To evaluate the value of A we make use of (5.4), (5.7)and
(5.10) to have,

b,a]|lop = su b, alt[b, ally) = VA = 0 5.15
I[[b, al| WHI:)l (1[b, alt[b, al[+) \[2 (5.15)
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So the value of A for which the ball reaches its supremum value is A = £. So the optimal algebra
element a, lies within the one parameter family given by the phase « as,

as € {\/Z(I;e_m +bfe?); 0<a< 27?} (5.16)

where we have taken § = e~*® \/g . One can further corroborate this by observing that the matrix

element of [b, 4] with a given by (5.16), in the Bergman-Fock basis (F.1) is obtained as,

5(Z|[b, a,]|z) s = \/gei“ez'z (5.17)

Here, we observe the appearance of Dirac’s delta function in the Bargmann-Fock space: ¢** = (7, )
(see (F.6) in Appendix-F). This leads to the proportionality of [b, 4] to the unit matrix when expressed
in this continuous Bargmann-Fock basis, allowing us to directly determine the operator norm. It is
important to note that, unlike the finite-dimensional matrix as (see (G.1) in Appendix-G), the a, in
(5.16) yields a unique eigenvalue A = & for [b, ][, a], which is infinitely degenerate in the eigen-basis
provided by the entire continuum set of Bargmann-Fock coherent states |z) (F.1). Importantly, this
eigenvalue is independent of z, resulting in translation-invariant distances, in contrast to the distances
between harmonic oscillator states. For instance, d(pp,+1, prn) # d(pn+2, pn+1) [42,161]. Furthermore,
this identification of A enables the upper bound on the distance to take the form given by (5.14).

By substituting (5.16) into (2.25), we find that the distance is essentially given by:

~ ~ 0 —ia 5 =\ i
d(pz; puw) = sup |(zlas|z) = (wlas|w)| = \/; sup |(z —w)e™" + (2 — w)e™| (5.18)
ac o

Note that since p, and p,, are normalized pure state density matrices, we need to use the normalized
coherent state basis, as defined in (2.12), for distance calculation, instead of the Bargmann-Fock basis?.
We can now parameterize the complex number using polar decomposition as z — w = |z — w|e?” and
z—w = |z —w|e~ . Itis easy to recognize that the optimal algebra element, for which the supremum
value is attained, occurs when a = 3, yielding the desired distance between two arbitrary pure states:

d(Pz,pw) = @ ‘Z - w| (5.19)

which precisely is the upper bound (5.14). Therefore a, (5.16) saturates the inequality. The dimen-
sionless complex coordinates z and w can be splitted into real and imaginary parts involving dimen-
sionful coordinates # and ¥ in analogy with the splitting of b in (2.4) as

1 1
z2=——=(x1 +ize) and w=——=(y1 +1 5.20
\/@( 1 2) m(yl Y2) ( )
which enables us to rewrite (5.19) using (5.20) as,
d(pz, pw) = V(21 — 11)2 + (T2 — Y2)? (5.21)

ITo avoid confusion, we will use the same notation |z) to denote both the normalized coherent state (2.12) and the
Bargmann-Fock (unnormalized basis) |z) g in (F.1). The context should make it clear which one is being used and should
not cause any confusion. Specifically, when |z) appears in the density matrix p. = |z)(z|, it clearly refers to the normalized
state, otherwise, it refers to the latter one.



5.2. Lorentzian spectral triple 72

reproducing the usual Euclidean distance having the complete ISO(2) symmetry as in [42,157], with
no NC corrections.

The absence of any NC correction, initially observed in [157] and later in [42], is not particularly sur-
prising. The Moyal plane represents a NC deformation of a flat 2D plane, and the family of coherent
states p, can be uniquely associated with points in this plane, characterized by the dimensionless com-
plex coordinate z. The distance (5.21) endows the space of states p., or equivalently the 2D plane, with
a flat Euclidean metric, providing a measure of distance between points (1, z2) and (y1,y2). These
points represent the mean positions of maximally localized (Az; Az, = £) SO(2)-symmetric coher-
ent states. However, the metric structure mentioned above captures only the distance between pairs
of mean positions represented by pure states in the Euclidean sense and does not explicitly depend on
the spatial spreads of the coherent states. On the other hand, the so-called harmonic oscillator states
pn = |n)(n|, constructed from the Fock states (2.4), are completely delocalized and can be visualized
as a family of concentric circles indexed by the integer n, with quantized radii r, = 6(2n+1). The dis-
tance between a pair of successive such states (see (G.3) in Appendix-G) exhibits NC deformations.
Another example of spectral distance exhibiting NC deformation is the fuzzy sphere S? [164], defined
through the commutation relation [&;, £;] = i6¢;;, 2k, which corresponds to the su(2) algebra, where
6 is the NC deformation parameter (with dimensions of length), in contrast to the one occurring in
(5.1) for the Moyal plane. In the case of the fuzzy sphere, the radii are quantized according to the
spectrum of the s1(2) Casimir operator, and the NC deformation arises from both the NC parameter
¢ and the su(2) representation index j. Specifically, the fuzzy sphere with j = J representation of the
s5u(2) algebra exhibits the maximal deformation in the spectral distance, and the commutative result
is recovered only in the limit j — oo [42,150].

Before concluding this section, it is important to note that the form of the algebra element given in
(5.16) does not belong to the algebra itself, i.e., as ¢ A. However, these elements can be considered as
part of an enlarged algebra known as the multiplier algebra (for more details, see [157,159]). We will
not delve further into this topic here, but it is worth mentioning that in our case, the operator product
of p, and a, in (5.16) is indeed a Hilbert-Schmidt (HS) operator. This can be inferred from the fact
that ||p.as||%g = tra, ((psas)T(p28s)) = tr, (4sp.as) < oo. This property will recur throughout the
rest of the chapter. In fact, in the subsequent section, when we discuss the Lorentzian Moyal plane,
we will also need to consider the multiplier algebra. In the Lorentzian case also, as we shall see later
that there is no NC deformation in the distance function between time-like separated events in the
Lorentzian Moyal plane, provided that the pure states are constructed using coherent states.

5.2 Lorentzian spectral triple

In this section, we aim to utilize a formulation necessary for calculating distances between a pair of
time-like separated events in both commutative and NC Lorentzian planes. While a consensus on the
axiomatic frameworks for such formulations is yet to be reached, we will follow the approach pre-
sented in [151-153], adapting it to our HS-operatorial formulation discussed in the previous section
for the Euclidean case. Our goal is to introduce the key tools, such as spectral triples, for both com-
mutative and NC spaces. Additionally, we will include the algebraic version of causality, which is
essential for facilitating the computation of distances in the commutative and NC Lorentzian planes,
as we will explore in the subsequent section.
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To begin with, we provide a concise outline of the fundamental ingredients required to construct
a Lorentzian spectral triple. This involves a collection of data denoted by (A, H, D, J, x), where

e A Hilbert space H

e A non-unital algebra .4 along with a suitable and faithful representation 7 (a) on the Hilbert
space H. Additionally, we consider a preferred unitization A of A equipped with a representa-
tion as bounded operators on the Hilbert space.

e A Dirac operator D taken to be an unbounded operator, such that [D, 7(a)] is bounded Va € A.
Furthermore, D should have a compact resolvent i.e. w(a)[1 + $(D*D + DD*)]~% is a compact
operator Va € A. (However this condition need not be fulfilled in this context. In other words,
one can forgo this requirement [151], like in the Euclidean case [157], as we are interested to
study the metric aspect only.)

e An operator J called Fundamental symmetry acting on H satisfying boundedness condition
along with 72 =1, J* = J, [J,a] = 0, Va € A, and the Dirac operator fulfills D* = —JDJ.

e For an even Lorentzian spectral triple we take  to be a grading operator fulfilling the following
conditions:

X'=x;x*=1 {x.,J}=0; {D,x} =0. (5.22)

The operator J plays a crucial role in capturing the Lorentzian signature of the space. It transforms
the Hilbert space into a Krein space, where the positive definite inner product (-, -) is transformed to
an indefinite inner product (-,-) = (-, J-). This transformation is accomplished by the fundamental
symmetry operator 7. Consequently, the Dirac operator in the usual positive definite inner product
space becomes a non-Hermitian operator. To ensure that the Dirac operator is a skew Krein self-
adjoint operator, we impose the condition D* = —JDJ. The detailed construction and implications
of this formulation will be discussed in section-5.3.

521 Commutative Lorentzian spectral triple and distance formula

In this subsection, we consider the example of a globally hyperbolic even-dimensional manifold M
as a commutative Lorentzian spacetime. We describe this spacetime using a commutative spectral
triple [151], which is constructed with the following elements:

e Hilbert space % = L?*(M, S) of square integrable spinorial sections over M
e Dirac operator D = —iy*V,,

e Algebra A = C§°(M) of infinitely differentiable smooth real functions. (Ideally, one should
introduce the unitized version of the algebra- a fact that we are ignoring for the time being. We
shall, however, make some pertinent observations later in the chapter.)

e Fundamental symmetry J = i7? where 4" is the time- component of Dirac’s v- matrices v*
satisfying the fundamental Clifford algebra : {7*,7"} = 2n**I and the flat metric 7, =diag(-
,+,+,+,...(n-1)terms)

0,..An—1

e Grading operator x = (—i)2 170 ..y
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For an even-dimensional Lorentzian manifold, i.e., when n is even, the distance between two points is
essentially identified with the distance between the associated pure states. These pure states are given
by Dirac’s delta functionals, which serve as evaluation maps, and can be expressed as follows [151]:

d(p,q) = inf{[04(a) = 6(a)]"} = inf{la(q) - a(p)]"} (5.23)
where [a]t = max{0, a}, and
B={acA: B:={(¢,TJ([D,a] £ix)¢) <0, Vo e H} C A (5.24)

In the next subsection, we will explore how this specific ball condition captures the concept of steep
functions as a subset of causal functions in an algebraic framework, drawing inspiration from [151,
155].

5.2.2 Non-commutative Lorentzian spectral triple and distance formula

Now, the spectral triple for non-commutative (NC) Lorentzian space-time, specifically the (1+1) D
Lorentzian Moyal plane, can be readily generalized. It consists of the following components:

e a Hilbert space H = C* @ H,

e Non-commutative algebra A = H, acting on H with a suitable representation 7, again taken to
be diagonal one i.e. 7(a) := diag(a, a).

e Dirac operator D = —iy#V,,

where we have already defined #., H, for Moyal space-time while discussing about space-time non-
commutativity in chapter-3 in (3.28) and (3.30). In the case of the non-commutative (NC) plane,
the fundamental symmetry operator and grading operator remain the same as defined in the com-
mutative spectral triple. However, the concept of a point is absent in the NC plane. Therefore, the
distance is calculated between two pure states, denoted as p; and ps, similar to its Euclidean counter-
part mentioned in section-5.1. The Lorentzian distance between these two states p; and ps is defined
as follows:

d(p1, p2) = inf{[p2(a) = p1(a)] "} (5.25)
where [a]T = max{0, a} and the ball B is defined as
B={ae A=H,: B={(¢,TJ([D,7(a)] £ix)p) <0,YopeH} C A (5.26)

Note that this distance formula works only for the even dimensional case, so that an appropriate
grading operator y can be defined. There is also an alternative formula for odd dimensional manifold
[151], which is, however, beyond the scope of this thesis.

5.2.3 An algebraic construction of causality

In this section we provide a very brief review following [151,154,155] to show how the causal structure
is captured as an algebraic condition in Lorentzian space.
Theorem : A function a € C*(M, R) is causal iff

Vo e H, (¢, T[D,alp) <0 (5.27)
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where J, D, H are defined as above. A sketch of the proof for the algebraic version can be outlined
as follow.

Recall that the causal property of an absolutely continuous real valued function a € C'(M,R), can
be fully characterised by two conditions i.e.

n(Va,Va) <0=a? <ay and n(Va,VT)=—ag <0, (5.28)

where T is a temporal function and is typically chosen as T = 2°, such that VT represents a time-like
vector. In the above equations, we have employed a flat Lorentzian metric ), = diag(—, +, +, +, ...(n—
1) terms). If the conditions (5.28) are violated at any point on the manifold, it follows from the con-
tinuity of the derivative that they will also be false in some neighborhood of that point. By utilizing
J =i7? and D = —iy"d,, as mentioned earlier, we readily obtain,

JD,a] = —aog+K; K:=+%'a;, (5.29)

Now, it can be shown that K satisfies K? = 1%/ 9;a0;a, implying that the spectrum of K is essentially
given by SpecK = =+|7"18;ad;al|2. As the reduced metric 7"/ is positive definite everywhere (in our
case, it is simply the identity matrix), the matrix J[D, a] is point-wise negative. This readily verifies
(5.27).

An important subspace of causal functions is constituted by the so-called steep functions, which satisfy
the property,
n(Va,Va) < —1. (5.30)

A corresponding algebraic version of causality of this steep functions can be shown to be given by?
Vo € H, (6, T ([D,a] £ix)9) <0 (5.31)

An elementary proof of this algebraic version has been presented in [ 151,154] for an even-dimensional
flat Lorentzian manifold. The key concept employed in the proof is to consider the product manifold
M = M x R equipped with the corresponding metric

7= (%) (5.32)

and introduce the function a := a — 2" € C*(M,R). The condition for @ to be causal in (M, 7) then
implies that a is a steep function in (M, R).

The above result can be generalized to non-commutative (NC) spaces. To achieve this, we introduce
an appropriate NC algebra .4 and replace the real function a with suitable Hermitian elements & € A,
where A is the unitized version of A, fulfilling,

Vo € H, (¢, T ([D,m(a)] £ ix)$) <0 (5.33)

With the algebraic condition (5.33) that captures the space of steep functions on the manifold, we
can now utilize it as a "ball condition" in the Lorentzian manifold. To further define our framework,
we introduce a convex cone C as the set of causal algebra elements that satisfy (5.27) along with an

ZNote that the equality signs in the inequalities (5.27,5.31) have been omitted here.This is in contrast to [152,154,155]. The
reason for this is explained in the sequel (see section-5.3.1).
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additional condition, o
SpancC = A (5.34)

By this a partial order relation is induced on the space of states S(A), which is called the causal
relation [156],
YV wi,ws € S(A), w1 = wsy iff Vael, wi(a)<ws(a) (5.35)

5.3 Construction of Dirac operator, Krein space and Ball condition

In this section, we aim to replicate our Hilbert-Schmidt operatorial formulation described in section-
5.1 to calculate distances in commutative and NC Lorentzian planes. Both spaces share the same
structure of the Dirac operator D = v* @ P, which naturally acts on the Hilbert spaces C? ® L*(R"?)
and C? @ H,, for the commutative and NC planes, respectively. A generic spinor in this Hilbert space
[¥1)
[¥2)

2

For a pseudo-Euclidean signature (-,+) of our space-time R!:!, we can choose 1° = —io! and 7! = 02,
where (7°)? = =1, (v})? = 1, and {+*,7"} = 2n**. With these choices, the Dirac operator takes the
following form:

can be represented as ¥ = ( ), with 1) € L?(RY1) and H,, in the respective cases.

. 0 Py+ Py
D=—i <130 B 0 ) (5.36)
The above form of the Dirac operator is not self-adjoint. However, we can transform the Hilbert space
into a Krein space, where the operator will become a skew Krein self-adjoint operator. To proceed,
let us first recall the definition of a Krein space and examine a simple example of C2. By constructing
the Krein counterpart of C?, we will subsequently extend it to construct the Krein counterpart of the
entire Hilbert space H = C? ® M, which featured in the aforementioned spectral triple.

Definition of Krein space:

If for an indefinite inner product space X, we can consider a decomposition £ = K @ K_, where
K4 and K_ are mutually orthogonal, complete (with respect to the induced norm), and possess pos-
itive and negative definite inner products, respectively and if further the inner product on K is non-
degenerate, such a space K is referred to as a Krein space [152,154].

For every such decomposition, we can associate a fundamental symmetry operator 7 defined as
J =1idy @ (—id_), satisfying the property J2 = 1. The operator J enables the transformation of the
subspace with a negative inner product (-, -) into a subspace with a positive definite inner product
(-,-), and vice versa. This transformation is achieved by inserting the operator 7 as, (-, J-) = (-,-), or
equivalently, (-, 7-) = (-,-).

Converting C? and C? ® H, into Krein spaces

The 2 dimensional complex vector space C? can be regarded as direct sum of two sub-spaces C
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as follows:

C? = Span{\}? G) ,% (_11)} = Span{\}§ G)} @Span{\}i (_11>} =CLeCL (537)

(0%
€ C?to
;)

the subspaces C! and C! respectively where both the subspaces are naturally endowed with positive
definite inner products. Let us consider the fundamental symmetry operator J = o1, where o is
one of the Pauli matrices in their standard representation. This choice of 7 is supposed to render the
subspace CL as a negative definite inner product space, while preserving the positive-definiteness of
the CL subspace. It can be easily seen to be achieved by employing the following insertion :

with associated projectors P¥ = (1 & 0y) projecting a generic two component vector (

<7j> = <'701'> = ('7 ) (538>
So now with the new inner product (-, -) defined in (5.38) we can call our C? space as a Krein space.

With this it can now be shown trivially that C* ® H, equipped with the inner product (-, 7-), where
the used fundamental symmetry operator now is

J=01®1 (5.39)
is an indefinite inner product space or Krein space where C? ® H,, splits as
C*@Hy = (CL @H,) ® (CL @ H,).

With this fundamental symmetry 7, it can indeed be checked quite easily that D* = —7DJ proving
D (5.36) to be skew Krein self-adjoint.

The grading operator, as defined in section-5.2.1, simplifies to x = 0®®1. For a suitable representation
of the algebra element a, we choose 7(a) = diag(a,a). So far, all the elements of the spectral triples
are considered to be generic and applicable to both commutative and non-commutative Lorentzian
planes. Based on (5.24), a general ball condition can be derived as follows,

i —i[Py + Pr,a] ) \|¢b2)
<0V VUYeH (5.40)

Bzwunwmm»HmWwwwu<wo<”%,ﬂﬂ] i )(MQ

It can be re-cast as,

B = —i(y1|[Py — P, al[h1) — i(vo|[Po + Py, alliba) + i[(valth1) — (1h1]2)] < O (5.41)

Above equation can be taken as a master equation or principal ball condition. We now specialize into
two separate cases for commutative and non-commutative planes.



5.3. Construction of Dirac operator, Krein space and Ball condition 78

5.3.1 Distance in commutative Lorentzian plane

As a warm up exercise we first undertake the computation of the distance on the (1+1) dimensional
flat commutative Lorentzian manifold. The spectral triple for commutative Lorentzian manifold R*!
is defined through the algebra of smooth functions over R : A = C§°(R>!), a Hilbert space ?
[¥1)
[¢2)

representation in |¢, z) basis becomes L?(R!!) element. With the Dirac operator already defined in
previous section we arrived at a simplified ball condition (5.41). Inserting completeness relation of
|t,x) = |z) basis: [dtdx|t,z)(t,z| =1, (5.41) can be rewritten as,

H = C? ® L*(RY!), consisting of generic spinor like ¥ = < > where |1);) are abstract kets whose

i [ Eady i@y el — Prally) — i [ o yvs@n)alif + Pl
+i [ @algi@in@) - vi@h@] <0 (542)

Here the action of momentum operator on the C'*° function a(¢, z) := a(x) takes place through com-
mutator bracket and it gives,

(@|[Py, a(@)]ly) = —idua(2)8® (& —y) (5.43)

With this, (5.42) further simplies as

[ 2 1@ @) ~ 14a()) + @ra)(r @) ~ (o))
<i / @ [} (2 (&) — 03 () (@) (5.44)

Since the values of 9; (x) and 12 (x) are fully arbitrary, we may pick them to be compactly supported
in an arbitrarily small neighborhood around any given point and conclude that this inequality should
hold for the integrands themselves and eventually should remain valid point-wise. (see Theorem11
in [154]). As a result, we can write.,

(Vua)V* <i(itn = 3n) s Vo = VO = [¢n]* + [v2*, Vi = VI = [y |* — 9o (5.45)

Here, V = (V°,V!) is a timelike two-vector, and a € A belongs to the set of steep functions, i.e.,
n(Va,Va) < —1. This implies that Va is also a timelike vector, and (V#9,a) is intrinsically negative*
This allows us to rewrite (5.45) as follows:

[V¥0ual = —=(V*0ua) > (Y13 — thathy) = =21 |th| sin(ar — a2) (5.46)

where the phases a; and as are defined as ¢ = [¢1]e’** and ¢s = |1)2]e?*2. We must now look for
the most suitable algebraic element for which the infimum is achieved since the calculation of the
Lorentzian distance in (5.23) entails the computation of the infimum. It will be better to do a minor

SHere the L2(R%1) part of H is actually analogous to 4 in our HS formulation.

4Note that if equality signs were included in (5.31), (V#V,,a) would not have been intrinsically negative, and we would be
forced to consider the case V#V ,a = 0 as well. For V# timelike, this would have implied that V ,a is purely spacelike, which
is a scenario we want to avoid. In any case, the inclusion or exclusion of equality signs does not impact the computation of
supremum or infimum, as one is a dense subspace of the other.
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variation of the inequality (5.42, 5.46) as
B S 0 i.e. |V“6,La| Z 72|1/)1H1,[)2| sin(oq — Oég) (547)

The inclusion of the equality sign here will not have any effect on the computation of the infimum,
as the set defined by (5.42,5.46) is a dense subset of (5.47), thus adding the equality sign here will
not change how the infimum is calculated. The saturation condition in (5.47) is now fulfilled by first
holding |+/1| and [t);| fixed and varying a1, ap. Clearly the maximal value reached by the R.H.S above
will correspond to 2|11 ||42| with the choice ap — oy =  and (5.47) reduces to the following form

[V¥0ua] = 2[4 |2 (5.48)

Correspondingly the generic form of the spinor 1 which maximizes the R H.S is < ||?i1 ||> e’1. On the
1| P2

other hand we can now apply reverse Cauchy-Schwarz inequality [151] to write
[V¥#Oual 2 [V ual L]V L (5.49)

Note that here L in the subscript is a reminder of Lorentzian norm defined as ||v|, = y/—n(v,v) for a
time-like vector v. In the next stage , we vary |i;| and |¢2|, so that V becomes collinear with Va and
(5.49) becomes,

[V#Oual = [IVpal[L][V*]| (5.50)

We now make use of (5.45), so that by (5.47) and (5.50) we finally get

[VallL =1 (5.51)
We therefore look for a solution of a satisfying

IValr =1 (5.52)
Equivalently , the search can be restricted to the solution set of the following differential equation

satisfied by real functions a(z, t)
0a\"_ (90} (553)
ot or) '

yielding the following one-parameter () solution set of a(t, z):
a(t,z) = tcosh A 4+ xsinh A (5.54)

By (5.23) the distance between two points say P(t1, z1), Q(t2, x2) in commutative Lorentzian manifold
(where P preceeds @) chronologically i.e. P < Q) is now given by,

d(dp,00) = inf{[6q(a) = dp(a)] "} = inf{[a(ts, x2) —a(tr, z1)]"} (5.55)

where dp,d¢ are pure states representing the respective events (¢1,x1) and (t2,x2) in the forward
light-cone of the commutative plane. Eq (5.55) can now be recast as,

d(dp,dg) = ir){f{[(tg —t1) cosh A + (22 — x1) sinh \] '} (5.56)
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which on minimisation with respect to A (to get the infimum value of the set ) gives,

d(0p,6q) = \/(t2 —t1)? — (22 — x1)? (5.57)

Note that the causal information has been incorporated in the resulting distance in (5.56). The quan-
tity in the parentheses of (5.56) will undoubtedly be negative if the events are not related causally,
that is, if P does not occur prior @ ° and the distance equation will give a value of zero, showing that
the distance is not symmetric when a pair of events are interchanged.

Functional Derivative Approach

In this part, we will address the same problem using a functional differentiation approach, which
we will find to be easier to execute and adaptable to the computation of distances in the Lorentzian
Moyal plane, to be discussed in the next sub-section. To begin with, let us consider the left-hand side
of the ball condition (5.41), denoted as B[v1, ¥7, %2, 3], which can now be treated as a functional of

¢1r wiﬁr ¢2, and 1/)5

B[1, 7, Y2, 5] = —/d2$ [[¢1(2)]*(Qoa — 1a) + |¢p2(x)* (Boa + D1a)
+i{p1 (z)h2 () — ¥3(2)1(2) }] (5.58)

Clearly the algebra element @ € A for which the infimum in (5.23) is reached giving the distance
should be such that

sup B[¢17w27w>1k7’(/}>2k] =0 (559)
P1,2,%7 .93

To putit another way, we wish to identify the algebra element for which the functional B{)1, 97, ¢2, ¥5]
gets its supremum value of zero. In order to demonstrate that the maximum of B[t)1, 97, ¥2, 93] corre-
sponds to the zero value that coincides with the supremum, a suitable constraint must first be imposed
on the algebra element a € A, which arises as an offshoot. The following matrix equation results from
functionally differentiating the functional B[v1, 9, ¥, 93] with respect to ¥1 (), Y2 (z),

(—(80 —_(31)(1(:5) o +i81)a(x)) (Z;g) 4 560

The analogous matrix equation, which is merely the complex conjugate of the previous equation, is
produced by the variation with respect to the ¢] (x) and 5 (x) variables. The equations are fulfilled
quite trivially, if 1], 43 are zero. So for non-vanishing values of ], 15 to exist, satisfying the above
equations, it requires a vanishing determinant of the coefficient matrix in (5.60), yielding a condition
on a(x), which is precisely (5.53), giving (5.54) for a(t, x).

Let us now rewrite B, using (5.54) as,

B—— [ o le i (@ 0) + MU @a(o) + (4] (@ale) ~ @@ (G6)

5For P < Qie.ta >t and (t2 — t1)? > (z2 — 21)? . Additionally, | cosh A| > | sinh A|, VA. Whole quantity in (5.56) will
thus always be positive.
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The following scaling transformations, 1y (z) — ¥} (z) := e~ 2y (2); Ya(z) — Ph(x) = e2hy(x)
allows us to write B in a simplified form as

B / 0P [ () () + 0 ()b () + i ()b () — 4 ()0 ()] (5.62)

We now carry out a linear transformation of the following form which enables us to write B in terms
of independent functions ¢ (), defined as,

¢+($)> 1 ( 1 i) (d€($)>

== , 5.63
) =3 (4 3 G 503
A simple algebra then shows that B is really independent of ¢, (z) and depends on ¢_(z) only as,

B:—g/fﬂ¢4mﬁ (5.64)

Equation (5.64) clearly suggests that B reaches its supremum value zero for |¢_| = 0 since it depicts
an inverted parabola in the (B, |¢_|) plane. Therefore, regardless of whether ¢ or ¢_ are present,
the form of the algebra element (5.54) automatically assures that B cannot exceed zero. We finally
reach the same distance function (5.57) as a result.

5.3.2 Distance in 2D Lorentzian Moyal plane

In this penultimate part, we finally begin the computation of the distance in the NC scenario. Note
that the same Hilbert space #. constructed in (3.28) will again provide a representation of the NC
2-dimensional Moyal plane algebra: [t,4] = if with Lorentzian signature (-,+). Here, the vacuum
|0) and the creation and annihilation operators are described analogously as:

t+id ~ {t—id -
, bt = : b0y =0 5.65
o T 0) (5.65)

However there are certain differences as well. To see this note that although the vacuum transforms
under space-time translation as,

l;:

0) = |2) = U(2,2)[0); U(z,2) =e 0+ (5.66)
along with all the raising/lowering operators transforming adjointly as :
b—b,=b—2=U(2,2)bU'(2,2); b = bl =bF —z=0U(z,2)bT U (2, 2);
po— p. =2z =Upo U'; DD, =U(2,2) DU (2, %) (5.67)

with U(z, Z) (5.66) being the same as its Euclidean counter-part, the situation is different when the
Lorentz boost is concerned. In fact the transformation under Lorentz boost,

3 t _ (cosh¢ sinh¢ t
(fﬁ) - <§U/> B <Sinh¢ cosh ¢> <j) ’ (5.68)
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is unitarily implemented on Hilbert space . through adjoint action as:

b— by = cosh b + isinh pbf = U(¢)bUT(4); bf — b;f = cosh ¢ b’ —isinh b = U(¢)bTUT(¢)
po = py = |0)(8] = U(¢)poU" (¢); D — Dy = U(¢)DUT(9) (5.69)

Here, we introduce the squeezing operator U(¢) = e~ £ (52“’%2), which is responsible for the transfor-
mation. It is worth noting that the coherent state |z) also undergoes a transformation as |z) — |z; ¢) =
U(¢)|z). This holds true for all vectors |¢p) € H, that satisfy by |z; ¢) = z|z; ¢). In particular, the vac-
uum state |0) € H., which is also an element of the coherent state family with z = 0, is not invariant
under this boost: |0; ¢) = U(¢)|0) # |0). Similarly, its associated pure state |0; ¢)(0; ¢| # |0)(0|. This is
in contrast to the Euclidean case where the vacuum |0) simply acquires a phase under SO(2) rotation,
resulting in the associated pure state |0)(0| remaining invariant. It is important to note that despite
this discrepancy, the space-time algebra [t, 7] = i6, along with the ball condition, remains invariant
under this Lorentz transformation. Nonetheless, we can easily demonstrate the following identity:

(2, Plaw,g|z, ¢) — (w, dlaw,slw, ¢) = (z — wlalz — w) — (0[a|0); az.6 := U($)a.U'(¢) (5.70)

so that the spectral distance is invariant under both translation and Lorentz boost:

dp(pos pz—w) = dp. ,(Pw.é) Pz.6) (5.71)

demonstrating how distance is invariant under the Poincare transformation. Three generators, such
as two translations and one boost for the transformation, are presentin (1+1) dimension and together
they create a closed iso(1,1) algebra.

Finally, we start the explicit distance computation. We will essentially use the same HS formalism
for this as was done for the Euclidean Moyal plane in chapter-2. We construct the spectral triple
(A, H, D) here with the algebra A = H,, the Hilbert space # = C? ® H,, and the Dirac operator
D = 4* ® P, (5.36) which again by default acts on C? @ H,,. Here, an element |¢) € H, is adjointly
acted upon by the momentum operators as follows:

Pl) = i wl); i € [0.1] (5.72)

The commutators occurring in the ball condition (5.41) now becomes,

. . 1 .
[Po+ePr,al = —[& —et,a]; e=xl, ac A="H, (5.73)

>

It is now clear that #, £ has normal left action on ., so that the matrix elements corresponding to the
first two terms in (5.41) are now well defined with |1);) and |2) € H.. In contrast to the commutative
situation, we don’t have any notion of a point or a clearly defined event. So we use coherent states,
such as (2.12), which have the advantageous property of being maximally localised space-time events:
AtAz = &. Therefore, it will be desirable to use the Bargmann-Fock formulation of coherent state

2
basis (Appendix-F) once more. By inserting completeness relation (F.2) in the ball condition (5.41)
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this gives the functional,

By, 4%, ¥, 03] = / dpu(z, 2) dp(w, ) [0 (261 (@) (2] [ By — P, a]|)

+ 15 (2) (@) (2| [Py + Py, d] (2, 2) [3(2)¥1(2) — 1 (2)12(2)] <0
(5.74)

Using (5.73) we have,

By, 97, 42, 3] = /dﬂ 2, 2) dp(w, @) [} (2)y1 (@) (2][E + 2, a][w)—

W5 (2)2 (W) (2][f — &, ] |w)] +Z/dl~t(2,f) [¥3(2)¢1(2) = ¥1(2)¥2(2)] <O (5.75)

cb\s

We take the left hand side of (5.75) as a functional B[y, ¥, 12, 5] of ¥1(2), ¥5(2), ¥2(2), ¥3(2). 1
order to calculate the optimal algebra element which saturates the ball condition we maximise B w1th
respect to 1 (@) and 12 (@) using (F.6) and equate them to zero, to arrive respectively at the following
pair of equations:

([ + 2, a]u) = (Ya|u)

S RS

(o[t — 2, a]|u) = (Yr]u) (5.76)

As can be checked easily that the differentiation w.r.t. ¥} (u) and ¥5 (u) just yield an equivalent pair of
equations related to (5.76) by just a complex conjugation. Combining this pair of equations by using
the completeness relation (F.2), one readily obtains a condition on the algebra element as,

plitaalt—aa =1 (5.77)

The general form of the optimal algebra element a5, which is an infinite dimensional matrix satisfying
(5.77) and can also ensure ISO(1,1) invariance of the resulting distance, is: & = af+ 8 (witha, 3 € R
for a to be hermitian). The general form of the algebra element is ultimately reached by substituting
this in (5.77):

ax =tcosh A +@sinh \; A €R (5.78)

To see it more concretely, let us write (5.77) in the form of differential equations.For that we consider
the matrix elements of the above operator equation (5.77) in coherent state basis as,

/ dps(w, @) (=[e*b + e b al|w) ][ + B, alju) = 0 / dp(w, @) (zlw)laly)  (5.79)

where a = — 4. Also note that we have inserted the resolution of identity (F.2) here. Now using

<Z|[l;, allw) = 0za(z,w) — wa(z, w)
<2|[I;T,d]|w> = za(w, z) — Opa(Z,w)

and writing (wla|z) = a(w,z) = f(w,z)e™* (for normal ordered operator a, see (2.10) ), we can
further simplify the above equation as,
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/ d/‘(waw)ezuﬂrwz (eaaéf(za w) - eiaawf(za w)) (eiaawf(wa u) - eaauf(mvu))
= 9/ dp(w, w)e* ™ T* (5.80)

By comparing the coefficients of ¥ *“# in the integrands of either sides of this equation, we can easily
see that the following set of differential equations are necessarily satisfied by the function f(z, w):

= f(z,w) — e 0y f(Z,w) = VO pe*
e 0 f (W, u) — €0, f (W, u) = VO pe™ (5.81)
where p € C with [p| = 1 and A € R. This ensures that the product of these two expressions,

occurring in the left hand side of this pair of equations is indeed 6. We now replace the variable @ by
Z and u by w in the second equation of (5.81) and write the equations in matrix form as,

e —e @ o=f\ _ pe
<€a —e” ) (awf> B \/é <p*€>\> <582>
Inverting the above coefficient matrix and solving for 9; f and 9,, f we get,
VO i N
85f=7€4 (pe)‘—zp e >‘) =K,
Ouwf = ge% (ipe)‘ —p*e_A) =Ky (5.83)

So from the above equations we can infer that f(Z,w) = K1Z + Kow, which in turn gives the form of
a as, @ = Kb + K,b'. Now imposing the hermiticity condition on the algebra element , we simply
arrive on the conclusion that K; = K».Equating the real and imaginary part of this equation we find
p = 4. So finally making use of this in (5.83) , we get a one parameter family of & dependenton A € R
to be given by,

ay = \/g[i)(cosh A —isinh \) 4 bf(cosh A + i sinh \)] = £ cosh A + & sinh A (5.84)

which is (5.78) itself. We now emulate the commutative case and substitute this algebra element
(5.78) in (5.72) to get,

Blib1, 0, o, 03] = —e / dps(z D)L (2)6n (2) — € / dpa(z 205 (=)0 (2)
i / dp(z D) ()1 (2) — P12 (2)] (5.85)

Using scaling transformation ¢ (2) — ¢ (2) := e~ 241 (2); ¥2(2) — ¥4(2) := e2¢5(Z), as before we
rewrite (5.85) as,

B — —/du(z,i)[ 1(2)1(2) + 957 (2)¢5(2) + i{e)" (2)15(2) — ¥5"(2)¢1(2)}] (5.86)
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It seems that the functions on which B depends are not all independent. So we again use a transfor-

mation similar to (5.63) as
() C6)-30 ()

to get B as B[¢_, ¢* ] in the following way,

N

B—-2 [ du(z9)l6- () (5.88)

The aforementioned equation clearly demonstrates that B is independent of ¢, and ¢7, and it also
demonstrates that B achieves its maximum value when |¢_| = 0, which is its supremum value with
the a chosen above (5.78). Similar to the Euclidean example covered in section-5.1, we can find an
acceptable bound to the distance function in this situation as well, with the exception that it must be a
lower limit. This factindeed serves as evidence that we have made the proper choice. In the subsection
that follows, we will derive this bound and demonstrate that the selection of a (5.78) does, in fact,
cause this bound to be saturated.

Calculation of the lower bound of distance

We may attempt to obtain a bound on the separation between the pure states here, just like in the
Euclidean scenario. Contrary to the previous instance, however, the distance formula includes the
computation of the maximum, thus in this situation we must obtain a lower bound. We may write,
using the same process (5.11) as,

don.ps) = | 1 g tr(puea)] = [ dptr (pynleh — 81,4

I A
= — du tr (pu{lt,al(z — z) + iz, al(z + z 5.89
= [ dntr (puelli)z = 2) + il + 9)) (589)
We can now parameterize ¢ and x as
. r(cosh + isinh )
t =rcosh; x =rsinhty, sothat z= 5.90
¢ ¥ WeT: (5.90)

representing the points on a hyperbola t?—z? = r? in the forward light cone and r is a real constant:0 <
r < oo. Note that with this choice of parametrization we are restricting the points in the causal cone.
After some simplification, (5.89) can now be re-written as,

. 1
d(po, p.) = %/ dptr (pysld cosh ) — £sinh b, a]) (5.91)
0

But note that, unlike in the Euclidean case (5.12) we cannot just write tr(p,.[Z,a]) < ||[Z,allop, as
here the so-called ball condition has a completely different structure. The ball condition (5.26), just
implies that the matrix M := J{[D,n(a)] + i¢x} is a negative operator. Realizing its tensor product
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structure, we can re-write this, by making use of (5.72) as,

M = J{D, 7(a)] + ix} = —i (e[t ol " ! ; d]>
:—12®g[.’f,&]+02®1—03®§[£,d} (592)

where 1, is 2 x 2 identity matrix. Now carrying out a suitable unitary transformation with U = 1,&®U,
we can diagonalize the hermitian operator —%[t, 4, such that,

U;l(—%[f, a))Uy = diag(k1, ko, ) =T ki €R Vi (5.93)
so that I is possibly an infinite dimensional diagonal matrix and
MosM=U'MU=1® Ufl(—%[ﬁ:, AUy +0y@1+030T (5.94)

Now for each entry in the right slot of this total matrix M’, say the (ij)-th element, there is a u(2) Lie
algebra element and can be written as,

1> |:U11(—;[§j,d])U1:| - + 0’2(51'3‘ +o3ly; € u(2) (5.95)
ij

This can now be subjected to another SU(2) transformation U = U; ® 1 with Uy = e%mm, with a
suitable choice of 4, to bring it to the diagonal form

1, |:U1_1(;[:f7,d})U1:| - + o3 (5@‘)2 + (Fij)2 ; Fij = Iii(sij (1’10 sum) (596)
ij

So that after two successive transformation by (1, ® U1) and (U; ® 1), the matrix M (5.92), as a whole
finally transforms to

M=M= U @U) 'MU; ®U;) =1, ® U{l(fg[i, a)Uy + 03 ® V1 +TTT (5.97)

Negativity of this operator implies,

160U [&,a)Us — 05 © /07 + U i, al i [f,a)uy > 0 (5.98)
Now since U; (£, a][t, @)U, is a positive operator, we readily obtain,
1®i[2,4] > 03 @ 0 (5.99)
which by comparing two sides, further implies that
il#,4) > 0 (5.100)

As an interesting consequence, we note that if we include the equality sign in (5.98), the saturation
condition of the inequality will be fulfilled only by algebraic elements that commute with . Conse-
quently, a(t, &) will solely depend on 7, leading to [£, a(Z, #)] = 0. The inequality (5.100) then implies
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that a(#, #) must be linear in #, resulting in i[Z, a] being equal to #1. Thus, (5.100) also determines the
scale. It is noteworthy that this characteristic is absent in the Euclidean case.

At this point, it is important to highlight that this inequality, along with the aforementioned obser-
vations, must hold true in all Lorentz frames. Since the original ball condition (5.40) is a Lorentz
invariant quantity, we can utilize the Lorentz boost transformation (5.68) to express it as follows:

i[#',a] = i[tsinh ¢ + 2 cosh ¢, a] > 0 (V ) (5.101)
Now by choosing ¢ = — and putting the condition in (5.91) we have the following lower bound for

the Lorentzian distance:
d(po, pz) > 1 =VO\/ 22 + 22 (5.102)

Now for evaluation of distance just like Euclidean Moyal plane, here too the pure states are repre-
sented by normalized density matrices . The distance between a pair of pure states (represented in
terms of normalised Glauber-Sudarshan coherent state basis (2.12) as) py = |0)(0] and p, = |z)(z|
representing two time-like separated events (0, 0), (¢1, 1) in forward light cone with py < p,, will be
given by,

d(po, p=) = inf{[p=(a) — po(a)] "} = inf{[{zlar]2) — (0lax|0)]"}

0
= ir){f \/;{[(z + 2) cosh A — i(z — 2) sinh A] T} (5.103)
where again we have defined z = % in the spirit of (5.20) in section-5.1 and made use of the form
of ay given in (5.78). Now the infimum of the set is attained by minimising the set with respect to A
which immediately yields the desired distance between two pure states as,

d(py puw) = VOV 22 + 22 = \[12 — a2, (5.104)

showing that (5.104) indeed agrees with the lower bound (5.102) .

Finally, note that the minimisation value of ), for which the minimum value of the R.H.S of (5.103)
is attained here is given by A = A, which satisfies tanh A = % Now putting this value of A = X in
the expression of a, (5.78) we have,

i, = rcosh[b(cosh ) + isinh 1)) + bf (cosh ¢ — i sinh ¢))] (5.105)

where we have used the same parametrization for z, as in (5.90). Now choosing 1) = —¢ again, we
have, using (5.68,5.69),

Gs = rcosh¢ (1345 + Z;L) = \/z(r cosh ¢) ' (5.106)

With the explicit form of a,, we can explicitly demonstrate that in a Lorentz-transformed frame (5.68),
we have [t a] = 0 and i[#’, a5] = 1. Consequently, we can conclude that the saturation of the con-
ditions (5.98) and (5.100) is achieved simultaneously with the infimum of the distance functional in
a specific Lorentz frame, given our choice of a5 (5.78). Hence, we can confidently identify the right-
hand side of (5.104) as the true Lorentzian distance between the pure states pg and p., with pg < p.
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Since the distance is invariant under ISO(1,1) transformations (5.71), we can perform a suitable trans-
lation to obtain the distance between p, and p,, where p, < p,,. This is expressed as:

d(pz. pu) = VBV (0= 22 + (@ — 2 = \/{tz — 0)2 = (22 — @1)? (5.107)

In this context, let us consider two pure states p, and p,, representing the points (t1,z1) and (tz, z2)
within the forward light cone. Similar to the Euclidean case, (5.107) also does not rely on the non-
commutative parameter and mirrors the result of the geodesic distance in flat commutative 141-
dimensional spacetime, which corresponds to a straight line.

Before concluding this section, we would like to emphasize an important observation. Just as in the
Euclidean case, here too, we are compelled to consider the extended multiplier algebra that encom-
passes all the members of (5.78). This can be viewed as a minimalistic unitization of A = #,, as
discussed in [152,156], which serves as the largest « sub-algebra of the aforementioned multiplier
algebra where the coherent states remain finite. For our purposes, this minimalistic unitized subal-
gebra should suffice since the optimal element (5.78) belongs to it: p,(ax) = (z]|ax|z) < co.
Additionally, it is worth noting that, as mentioned at the beginning of section-5.2, it can be shown
from (5.39) that the fundamental symmetry 7 satisfies [7,a] = 01 ® [1,a] = 0 for all a € A. To ver-
ify the boundedness of the operator [D, 7(a)], we can demonstrate using (5.78) that ||[D, w(a)]|lop =
cosh A < 0o, which is clearly bounded for any pair of finitely separated states.

5.4 Chapter summary

In this chapter, we have demonstrated that the axiomatic formulation presented in [151,154,155] is
well-suited for our purposes and allows us to compute the spectral distance between pairs of time-
like separated pure states constructed using Glauber-Sudarshan coherent states on the Lorentzian
Moyal plane. By employing un-normalized Bargmann-Fock coherent states, we have made the com-
putation transparent, as the representation of |.) states and their dual (.| states naturally emerges as
anti-holomorphic and holomorphic functions, respectively, in our analysis involving Hilbert-Schmidt
operators.

This exercise establishes confidence in the construction of the spectral triple for the 2D Lorentzian
Moyal plane, as it successfully reproduces the expected results. To make further progress, it is neces-
sary to replace the left module with a bi-module, which will allow for the incorporation of possible
fluctuations in the Dirac operator. This, in turn, will enable the introduction of gauge and Higgs fields
as prototypes. As a preliminary step, one could consider the doubled Lorentzian Moyal plane, akin
to the doubled Euclidean Moyal plane discussed in [157,162]. This approach could pave the way for
realistic model building, where almost commutative spaces are upgraded to fully non-commutative
spaces, offering insights into physics at the Planck scale.

It would also be intriguing to investigate whether there is any analogue of Pythagorean distance for-
mula holds in the case of the doubled Lorentzian Moyal plane.



Chapter 6
Spectral triple on fuzzy sphere

Long ago, ]. Madore introduced the concept of the fuzzy sphere (FS) S? [164], which can be seen as
a deformation of the conventional commutative 2-sphere, denoted as S2. The fuzzy sphere serves as
a simple example of NCG, where the operator valued coordinates satisfy su(2) Lie algebra. In recent
times, the high energy physics community has shown considerable interest in the fuzzy sphere due
to its potential as a non-perturbative method in quantum field theory, as discussed in [165]. This
method offers an alternative to lattice gauge theory, which discretizes spacetime into finite elements.
One of the primary advantages of the fuzzy sphere is its ability to relate to both matrix models and
NCG. The algebra of the fuzzy sphere can accommodate representations of the SU(2) Lie group,
which are provided by M, ; matrices for the n-th representation.

The objective of this chapter is to construct a real structure on the fuzzy sphere, enabling us to endow
it with real and even spectral data. This, in turn, will facilitate the construction of a simple toy model
with SU(2) gauge symmetry, utilizing the fuzzy sphere S? as the internal space within an almost
commutative geometrical framework of Connes et. al. [67,68], a plausible direction that can be ex-
plored in future.

While various proposals for Dirac operators on the fuzzy sphere have been put forth in 163,164,166,
167], along with the introduction of grading operators in some cases, the real structure on the fuzzy
sphere remains a crucial missing component. In light of this, we consider the SU(2) covariant Dirac
operator and grading operator on S? as proposed by Watamura et al. in [69]. Our focus is on con-
structing the real structure on the fuzzy sphere within its lowest spin-1/2 representation. The fuzzy
sphere in its 1/2 representation holds a special position within the family of fuzzy spheres. Not only
does it represent a space of maximum noncommutativity, but the associated algebra Ar describing
this space is given by the unital algebra of 2 x 2 matrices M>(C) is entirely spanned by the four gen-
erators: (I, &), which include the identity operator and the three su(2) generators. It is important to
note that this feature does not persist for 52 associated with higher representations p,, where n > 1.
We have shown how this special feature can be utilized to construct the real structure. To achieve this,
we need to extend the symmetry group of the fuzzy sphere from SO(3) to O(3), the total orthogonal
group, which can eventually be assigned a KO dimension-4.

However, as we shall see that the Dirac operator violates the first-order condition, which is a neces-
sary requirement in the formulation of the standard model of particle physics within the framework
of almost commutative geometry, as discussed in [63,143]. However, it was shown by Connes et. al.
in [67,68], that such a violation may actually be a “blessing in disguise” in the sense that, this formal-
ism eventually enables the development of phenomenologically viable models such as the Pati-Salam
model, which goes beyond the standard model. This provides further motivation for formulating a
complete spectral data framework for the fuzzy sphere, which can be utilized to construct a toy model
which may provide insights into some aspects of physics beyond the standard model.

89
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This chapter is organized as follows:

In section-6.1, we present all the essential ingredients of the spectral triple for the fuzzy sphere, except
for the real structure. This includes the algebra, the Hilbert space, the Dirac operator, and the grading
operator for a spin-1/2 fuzzy sphere. The latter two structures are adopted from Watamura et al. [69].
In section-6.2, we derive the explicit forms of the eigenspinors of the Dirac operator as given in [69].
Furthermore, we construct the chiral spinors and explore the representation of the algebra and its op-
posite algebra in various Hilbert spaces. Moving on to section-6.3, we determine the KO dimension of
the theory. Subsequently, we provide a detailed derivation of the real structure operator, using which
the opposite algebra element, corresponding to an algebra element can be constructed and then we
can verify its compliance with the zero-order condition. However, we find that the spectral data vio-
lates the first-order condition. Finally, in section-6.5, we draw our conclusions and discuss the future
directions for this work.

6.1 Spectral triple for S?
The coordinate algebra of S? is given by
[(ﬁi,(fﬁj} :iAéijkfk; i,j,k S {1,2,3} (61)

The parameter A represents the NC parameter with the dimensions of length. The Casimir opera-
tor 12 = p,(Z2) = pn(@).pn(di) permits only a discrete set of values, which can be expressed as
A2n(n + 1), where n € %, 1, %, ... corresponds to the SU(2) representation index and p,, denotes the
n'h representation of the su(2) generators.

In our study, we specifically focus on the n = § representation, denoting it as #;. For higher-order
representations (n > 1, 3, ...), we use the explicit notation pn(Z) when necessary. It is important to
note that the infinite set of fuzzy spheres, each associated with a different radius, can be considered
as foliation of the NC space R?. Each of these fuzzy spheres can be identified with their respective

radii 7, = Ay/n(n + 1).

Now with n = 1, a representation of the algebra (6.1) is furnished by following 2D Hilbert space

)

where the actions of #; on . can be expressed in terms of ladder operators #+ and %3 as follows:

w5y =il =gy =0 w|-g)=Ag)elg) =2 -9)
+ %> - ﬁ:%’ + %> By = & +ifs (6.3)

1
Tp— )

xs3

The orthonormality and completeness condition for . are given as,

1 1

i =ams (D] mreen s mae ol o

where #, is defined below in (6.5).
As for the algebra of the triplet, we consider Ar = H,, which corresponds to the space of Hilbert-
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Schmidt (HS) operators that act on . given by,

1 1 1\ /1 1 1
B A R Y B L | Y
where H, is the dual of H.. These four basis elements of the form |m)(n| := |m,n) also satisfies
orthonormality and completeness as (6.4),

Ap =My =H @ H. = spanc{’%><%

(m/,n'Im,n) = 6 m Onn; Z im,n)(m,n| =Ty, € Hy® 7-Zq (6.6)
where
(m/,n'| = [m',n)" = (Im")(n'|)" = |n')(m| (6.7)

The inner product between a pair of HS operators |1)), |¢) € H, is defined as,
+3
(1Y) = tru (&"0) = 3 (ilo"vli); [i) € He (68)

j—— L1
1==3

The *-operation in the algebra Ar = H,, which corresponds to the involution operation, can be
defined as the simple Hermitian conjugation in this case. It satisfies the following properties:

(@) =a; (ab)* =b"a" Va,be Ap (6.9)

The inner automorphism symmetry of Ar can be associated with the gauge symmetry of Ap. As
for the Hilbert space of the spectral triple, which should function as a bi-module of the algebra, we
consider it to be C @ H,, i.e.

where

|61)) = (’ >0<
==

where the {|¢,)); 1 = 1,2, ...,8} furnish a complete and orthonormal basis for C? ® H,:

HF = (C2 ® qu = spanc{|¢1)), ‘¢2))v |¢3))7 |¢4))7 |¢5))’ |¢6))7 ‘9257))’ |¢8))} (610)

D,wm=<lx)’)m»=oo b,wm=<’¥ﬂ>
) o=l = -shel) =)

(6.11)

N|—=
N[ =
N[
N[
N[
o=
N[ =

INIE
N

8

(Suldw) = Gunrs D 16)) (dul = o € Hr @ Hrr (6.12)

p=1

Here the inner-product between a pair of elements [¢1)), |1)2)) € Hr has been defined as,

((P1l2)) = treaga, (V]ea) (6.13)
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where we have reserved the dagger (1) symbol for its use in H :

(W=t = (@] (@l) for )= () Il ey and (61l (Gl € Fy (619)

We shall use the term "canonical basis" to refer to the basis |¢,)) where A = 1,2, ...., 8. It is important
to note that we have a hierarchy of Hilbert spaces: H., H, = He ® He,and Hp = C? ® Hy. The
corresponding elements in these spaces are denoted by |.), |.), and |.)) respectively. Additionally, we
can consider the Hilbert space H  as a module (or more specifically, a bi-module since both left and
right actions can be defined) of the algebra A, utilizing the diagonal representation 7 (a) = diag(a, a)
foralla € Ap.
Finally, the Dirac operator and the chirality operator can be written as [69],

D = /\Lvaﬁijkdiijik; VF = %(55}% - %) (6.15)
In our notation, the superscript R denotes the right action of the operator Z;. In absence of any super-
script, it implies that the action of Z; is assumed to be from the left by default, and thus the superscript
L is suppressed in this case.
While our analysis focuses on the n = £ representation, it is worth noting that for the general case, r,,
represents the radius of the n-th fuzzy sphere as indicated below (6.1). Furthermore, N' = A(n + 3)
serves as a normalization constant for v in (6.15) ensuring that the condition 7% = 1 holds. For the
specific case of n = 1, these expressions simplify to the following forms:

7*2% = % and N =2\ (6.16)
The algebra Ap (6.5), the Hilbert space Hr (6.10), and the Dirac operator D (6.15) and the grading
operator vr (6.15) form the essential components for an even spectral triple for the fuzzy sphere.
In addition to these data , to construct a real spectral triple, we also need a real structure Jr the
construction of which is the main objective of section-6.4. It should be recalled in this context that
in order to formulate a gauge theory in the framework of an almost commutative manifold, we can
therefore compose these spectral data with those of a compact Euclidean manifold M, to get the
composite spectral triple as

A=C®(My, Ap); H=L*(My)®Hp; D=Dy @1+ ®Dp; =707 J=Tu®JTr

where (C"X’(M4)7 L?(My), Daryvys, J, M) are the spectral data for the Euclidean manifold. 7y is the
real structure for M, and its action is simply given by a complex conjugation. Thus the only missing
link in this above construction is the real structure Jr and the objective of this chapter is precisely this.
We now embark on this task by determining the eigen-spinors of D in the following sub-section.

6.2 Determination of eigenspinors of Dy and the chiral basis

To obtain Jr, we begin by determining the eigen-spinors of the Dirac operator D (6.15). Since the
Hilbert space C? ® H,, is 8-dimensional, we expect to have 8 linearly independent eigen-spinors. Like
|$x)), these eigen-spinors should also form a complete orthonormal basis for C2 ® #H,,. To accomplish
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this, we make the following ansatz:

_ Em,nAm,n|m><n| . 11
'W)_( Ypa Bralp)al ) €€y mmpae{y ;) (617)

satisfying the eigenvalue equation

Dply)) = mly)) (6.18)

and solve it. Also note that [Dp, J|] = 0, where J = {J1, J2, J3} are the 3-components of the total
angular momentum

ji Ai+2; L; =

2 L= 56— 8 (619)

where L can be regarded as the orbital angular momentum and like .J' this too is dimensionless. At
this stage, it becomes evident that these eigen-spinors can be labeled by their respective ‘'mass” m
(Dirac eigen value) (6.18), as well as the eigenvalues of J2 and J;. We can therefore denote these
eigen-spinors as |m; j, j3)), where they satisfy the following conditions:

Dr|m;j, js)) = mlm; j,js)); - Jalms j, j3)) = dslms . 4s); - J%lm; i ja)) = §(3 + Dlmi g, js))  (6.20)
Alongbut straight forward calculation yields the following structures for the normalised eigen spinors,

o (\;><;\m_n\<—;><—;\>:M;))

3—-3

[\]
N—

2;><_;,> =[:5-3))

(6.21)

, ws»:l(l )
YEA\ENE

As mentioned earlier, these |15))’s (A € 1;2,...., 8) also satisfy the orthonormality and completeness
relations, just like the |¢)))’s (6.12).
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An important observation is that both eigenvalues m = =1 exhibit double degeneracy, represent-
ing spin—% doublets. In other words, the pairs of doublets (¢, 12) and (13, ¥4) satisfy the following
relations:

Telwn)) = J-[ih2)) = 05 Jyltha)) = [¢h1)); J-[¢h1)) = [02))

Tils)) = J_|a)) = 0; Jila)) = ) J-lus)) = [wa)); S =i £ i (6.22)
Similarly, the massless spinors (m = 0) exhibit a degeneracy of 4, forming j = 2 quadruplet. In
this case, the highest weight state |15)) is annihilated by .J,, while the lowest weight state |1/5)) is
annihilated by J_. All four states in this quadruplet can be connected through multi-fold applications

of these ladder operators J...
Furthermore , the chirality operator vz can be shown to relate massive spinors as,

Y3 = YrP1; Ya = Yre (6.23)

so that the condition {yg, D} = 0 is trivially satisfied. This enables us to introduce the chiral basis
as

XT = L(7/’1 +3) = L(1 +yr)1 = —= (

1\/1
_ 1 1 *‘ -3 <§’ 1 1
= — — = —(1-— = —= :‘_1;77_7)> 6.24
X2 \/§(¢2 V1) \/5( VF)¥2 \/é(‘—é><—é +2’%><%‘ 9" 9 ( )
Note that in this case, we have employed the notation |v; 7, j5)), where v represents the eigenvalue of
the chirality operator vz, to label the states. It satisfies the equation vr|vy; 7, j3)) = ¥|v; J, 43))-

Furthermore, it is important to note that all the zero modes |v5)), ..., |1s)) possess a negative chirality
value, specifically v = —1. Consequently, we can express them as follows:

5)) = (‘5><0_5‘> - ‘ —1%%)) |v6)) = (’ _;><5‘> = ‘ —1%7—2))
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-\ )3+
" (-

1 -3 )3 301
WS))ZE ’%><é‘2><;>’<;‘ 2’—1,5,—5)) (6.25)

Let us take a moment to discuss the physical interpretation behind the assignment of different js
eigenvalues to the Dirac and chiral spinors. At this juncture, it is important to point that the (2n +
1)-dimensional Hilbert space H. for an n-th fuzzy sphere can be identified as a finite-dimensional
subspace within an infinite-dimensional Fock space generated by the ladder operators (a;,a|) and
(G, &;), which satisfy the commutation relation [d, &;g] = 0ap. This Fock space represents the Hilbert
space of 2D decoupled harmonic oscillators, given by:

(aD)™ (af)"
\/nl! vV n2!
It is important to note that F can be decomposed into a direct sum of such subspaces F,, each of

which provides an irreducible representation of the su(2) Lie algebra, for a fixed value of n, spanned
by the states |n1, no) satisfying % = n.

F = Spanc{|ni1) ® |n2) = [n1,n2) = 0,0) V ni,ng €Z} = Dyeq0,11,8, 3 Fn (6.26)

IREEE R

T2

4 7

il
1

0 1 2 3 4 ™

Figure 6.1: Graphical representation of su(2) representation spaces

In the above diagram, the « axis represents the Hilbert space spanned by the basis states {|n;, 0) =
(%1 |0,0)} which are represented by the set of discrete points {(0,0),(1,0),(2,0),...(n1,0),...} .

Like-wise , the y axis represents the Hilbert space spanned by the basis states {|0, n2) = (‘\1}2,2 |0,0)}
and are in correspondence with the discrete set of points {(0,0), (0,1), (0,2), ..., (0, n2), ..}. Note that
the state |0, 0) is common to both the Hilbert spaces and is annihilated by both &, and a5 : 41/0,0) =
5|0, 0) = 0.

Now it can be seen that the lines joining (1,0) to (0,1) , (2,0) to (0,2) and in general (n,0) to (0n)
have fixed values of n, and contains 2n + 1 number of distinct points whose coordinates are integer-
valued and represent individual basis elements |n1,n2) with nq + ny = 2n and thus spans (2n + 1)
dimensional subspace F,, of F (6.26). Clearly, such states can alternatively be lebelled by n and n3
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as [n1,n2) = [n,n3). Again for n = 1/2, in particular, we can write 71 = span{[1,0),|0,1)} =
span{ 1 %>7 1,—1) ¢t = Hc (6.2). Clearly, all these subspaces , which furnish, by themselves the

irreducible representation of su(2) Lie algebra have a fixed value of the Casimir operator. In fact, one
can check that although the operators a;/ &;r do not preserve these sub-spaces on their own, a certain
bi-linear expressions e.g. alasy or @}y act as ladder operators within these respective sub-spaces. To
see this consider any basis element |nq,n2) = |n,n3) € F,, and one can easily see from Fig. 6.1 that
alas|n, ns) ~ |n,ng — 1) and a1ad|n, ng) ~ |n,ng + 1). They can also be combined to give hermitian
operators as [169],

pn(T) = %5*55 i €= (Z;) (6.27)
which correspond to su(2) generators in n'" representation, fulfilling (6.1) and the above map is called
called Jordan-Schwinger (JS) map. It can be demonstrated that the subspace F,, remains invariant un-
der the action of the ladder operators p,, (% ) defined in (6.3,6.27). Furthermore, the Casimir operator
associated with the n'” representation satisfies the following relation:

pn(E) = pu(#).pn(®) = N n(n+1) (6.28)

and can be assigned as the value of the square of the radius r,, for the associated S? (see below (6.1)).
However, it should be noted that in our construction, we are working with the Hilbert space Hr =
C? ® M, (see (6.10)), where H, = H. ® H.. By utilizing the Clebsch-Gordan decomposition of the
SU(2) representation, #, can be decomposed into a direct sum of a 3-dimensional representation
(triplet F1) and a 1-dimensional representation (singlet Fy) of su(2), givenby 2® 2 = 3 @ 1, as
follows (see Fig. 6.2):

siglet— +195= 5 [5)(5[ + - )~ 5[] = 0.0

1) = |- $)(}] =1,-1)
Triplet ~ — 1€0) ;:%H; @H_%X_%H = |1,0) (6.29)
€)== —|3)( - §] =11,1)

where |, .) gives the (n, n3) values.Clearly, the eigenvalue r2 in the triplet subspace can be interpreted
as the square of the radius for the n = 1 fuzzy S? in units of A\?, givenby 7% = 1(1 + 1) = 2.
Similarly, the Hilbert space Hr = C? ® H,, spanned by the Dirac spinors (or alternatively, the chiral
spinors), can be shown to split into a quadruplet and a pair of doublet states using the Clebsch-Gordan
rule. This decomposition can be expressed as 2 x (2 x 2) = 4 & 2 & 2, and it spans the representation
space of the spin-3 and spin-1 fuzzy spheres, with 7(3)? = 2(2 + 1)A? and 7()? = (5 + 1A%,
respectively.

Therefore, the massive Dirac spinors, which form the pair of doublets, are assigned js = £
while the 4 massless spinors belonging to the quadruplet are assigned j; values of —3, —1 1
to (6.21) and (6.22) for more details).
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Figure 6.2: Graphical representation of H, and H r respectively

6.3 Representation of algebra generators in H., H,, and Hr

Before embarking into the computation of the real structure, it will be advantageous to begin by con-
structing the representation of algebra generators in the Hilbert spaces H., H4, and H .

To get the representation of the algebra in the Hilbert space ., we can left multiply the identity Iy,
(6.4) by #; and utilize (6.3) to obtain the following expression,

it (5l =5 gl) =360 ()l -2
G R R S

We can proceed similarly to identify &, and i3 as follows, where the rows and columns of the Pauli
matrices 0> and o3 are labeled by (1) and (—1) respectively.

o= 2 (21103 - 3
f3:f3]ﬁv:2<’2><2"\‘ ;> 27 (6.31)

so that we can combine all these three components to write compactly as.
=25 (6.32)

These are the representations of the left actions of the coordinate operators Z; on H.. Similarly, the
corresponding expressions for the right actions of 27 on H.. can be obtained (since the action of £ is
only defined on #.) as follows:

=i = ([5)5]+ |- 5)(-3)

G (6.33)

8P

A
2
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Note that both the left and right actions on . and 7. have the same forms in terms of Pauli matrices
(6.32,6.33), but their domains of action are different. The left action is defined on #.. for &;, whereas
the right action is defined on H,. for #7. Tt is evident that #* satisfies the condition of being the
opposite algebra i.e.

(2,25 = 0;  (wiz;)" = affaft (6.34)
and therefore the Lie- algebra satisfied by &/ picks up a minus sign in its structure constant:

~R

[, 27] = —iXeijudn (6.35)

Now we will represent the algebra generators in the basis of H,. To do this, let us denote the four
basis elements of H, in (6.5) as,

= BG=143) = - 2= 1))
1\ /1 11 1 1 1 1
m)=[=3)Gl=1-53) m=[-3)-3]=|-53-3) (6.36)

so that the completeness relations (6.6) for 7, can be written as

4
S )l =Ty p=1,2,3,4 (6.37)
p=1

To utilize them in our further computations, it will be advantageous to write the basis |7,,) in terms
of the algebra generators at this point.

(L Oy 1 & (0 1) g
m=( o) =5+ m=(y )=

) = ((1) 8) = % na) = (8 ?) = % — 73 (6.38)

As we did in (6.30), we can now identify the representation of &; on H, by simply multiplying Iy,
(6.37) by z; to obtain the result after a simple calculation,

4
. " . A
&y =5, = Yl = 5o, @ I (6:39)

p=1
And for the right action 2 we can like-wise obtain

4
. A . A
i =i, = Y Indy) ) = 512 ® 0 (6:40)

p=1

so that we can write both (6.39,6.40) in a more compact index-free notation as

) r A
T=500D; 5532512@5* (6.41)

Note that in (6.39, 6.40), the operator &; acts on |7,) from the left and right, respectively, without
affecting the (7),,| sector. Additionally, the operators (6.39, 6.40) act on #H,, where the first entry of
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the tensor product acts on H, from the left and the second entry acts on #, from the right. It can be
easily verified that both Z and 7 satisfy their respective su(2) and opposite su(2)” algebras. These
algebras are isomorphic to (6.1) and (6.35), respectively.

Finally, we need to determine the representation of Z; on Hp = C’® Hq. Z; acts on Hp through the
diagonal representation 7:

m(a) = (g 2) . w(a®) = (“: ;;) . a€Ap =1, (6.42)

The completeness condition for the space H r can be written more explicitly as,

24: K%) (1, 0)+ (;l) (0 n;i)} =Ly, (6.43)

p=1

So we can write, in particular, for Z; as,

4
. . TN\, « 0 .
o) =m0t =3 | () o 0+ (L0 )0 ) (6.44)
= 0 1My
A straightforward computation using (6.11, 6.36) and
R A . _ A o _ A A _ A
Bun = Sy B = gna Eugs = GG Sk = S (6.45)

yields

m(21) = % |$3)) ((D1] + [9a)) ((P2] + [¢1)) ((¢3] + [#2)) ((¢4]
+ [97)) (@] + [88)) ((#6| + |95)) ((P7] + [¢6)) ((¢s] (6.46)

This can be recast in the form of a matrix as

0 010
0 0 01
1 0 0 0
) Mo 10 o0 Afor@l, 0 A
_ -2 =21 I A7
@) = 3 0010 2( 0 01®12) @ (el)  (647)
0 0 01
10 00
01 0 0
where the rows and columns are labelled by ¢4, ¢2, ..., ¢s in this order.

Proceeding like-wise we get similar structure for 7(%3) and 7(Z3) , and enables us to write all these
more compactly as

() = 312 ®(FoL) (6.48)
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Coming to the right action 7(ZR), we again consider the first component 7(25), which can be written
like (6.44) as,

el =nafm =30 (0 5) [(5) @ 0+ (D)0 wl

K2

= i Knéc 1) (n 0)+ (m(;l) (0 m)} (6.49)

Now making use of the identities

A A A A

1 = —n9; 1 = —11; 31 = —N4; 11 = — 6.50
M1 27727 221 27]17 73%1 2774, N4Z1 2773, ( )

we readily obtain

w(#) = 5[162) (611 +160) (2] + 162)) (9s] + 165)) (64

+1¢5)) ((ds] + |6)) ((#5] + |d7)) ((¢s] + |ds)) ((¢7|} (6.51)
Again its matrix form can virtually read off as,
01 00
1 0 0 0
0 0 01
A0 0 1 0 AIa®o 0 A
~RY _ 2 2 1 _ 2
) =35 010 0 2( 0 12®01) @ @a)  (652)
1 0 0 0
0 0 01
0 01 0

Furthermore, by following a similar process, we arrive to a more compact version of the corresponding
right action, which is represented as,

m(27) = %12 ® (1, ® &) (6.53)

Now from the very structures of 7(Z) (6.48) and 7 (zF) (6.53), it is clear that
[r(&:), (@] =0 V¥ ij €{1,2,3} (6.54)
and
[r(@5), (@) = —idesm(af) (6.55)
6.4 Determination of real structure Jr

It is evident from table-2.1 given in chapter-2, that the spectral triple, in our ongoing discussion, must
have even KO dimension as the grading operator v exists (6.15). Thus, it automatically follows
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from the table-2.1 that, the real structure Jr, if it exists, must commute with the Dirac operator Dp
(6.15) [63,168]:
[Dp, Tr] =0 (6.56)

As a result, this operator ought to connect states with identical mass eigenvalues. There are almost
no ambiguities for m = =1, therefore one may certainly conclude, that under the action of Jr the
Dirac spinors transform as follows:

|i1,%)) — ﬂ:\ﬂ:l,—%)) (6.57)

Further in the paper [168] the author has indicated that the KO dimension of a triple should be 0 or
4 if the index (I) of the Dirac operator defined below is non-zero:

I=dim(Hy)—dim(H_)#0 (6.58)

where H is a subspace of the total Hilbert space H r, which corresponds to the positive eigen-space
of the chirality operator vz and H_ represents the negative chirality subspace. In our case, it follows
immediately, by using (6.24) and (6.25) that I = 2—6 = —4 # 0. Therefore, our search can be limited
to KO dim = 0 and 4.

To express the transformations more explicitly (note that we have suppressed the double ket notation
employed in (6.21)), for KO dimension 0 and 4 respectively, we have

Trhr = o Jrs =va;  Jpb2 =1, JTrha =3 (6.59)
or Tr1 =vo; Jrbs =va  Jrtb2 = =15 JTrba = =3 (6.60)
Considering these possibilities, it becomes evident from the structures of 11, . .., s (see (6.21)) that

a simple interchange: <%‘ — < — %’ and ‘%> — ‘ - %>, followed by an interchange of the upper
and lower components of all eight spinors 1, . .., ¥g in (6.21) achieves the transformation described
in (6.59) and (6.60). This transformation extends even to the massless sector as,

Jrbs = ve;  JTrr = ¥s; Jrbe = V55 JTrips = ¥ (6.61)
or Jrs = Ye;  Trpr =8, JTrve = —Vs;  Jrips = —7 (6.62)

The above interchange operation in #. implies the following swapping operation at the level of H,:
Gl (-3 B3l =1-2)Gl (669

Finally at the level of the total Hilbert space Hr = C? ® H,, this implies the swapping within the
following four pairs of canonical basis vectors (6.11) :

Q1 < @g; G2 > P75 @3 > Pg; P4 @5 (6.64)

The signs may vary depending on the KO dimension, whether it is 0 or 4. It is important to note that
in (6.63), in addition to the swapping, we also had to exchange the upper and lower components. If
a real structure Jp exists, its significance would be in its the ability to establish a mapping between
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the elements of the opposite algebra A%, and those of Ap. This mapping can be expressed as follows:

m(a®) = Jpm(a®) T a€ Ap =Hgand o’ € A% =H; (6.65)
fulfilling
[7(a), (b°)] =0, Va,be Arp (zero order condition) (6.66)
and, preferably, also
[[Dp,m(a)],m(d%)] =0 (first order condition) (6.67)
R

In order to establish this, it is expected that a° = a
the opposite algebra A% as generated by 2%
However, it turns out that there are no consistent solutions for a real structure Jr that satisfy the
appropriate properties for KO dimension = 0 and (6.65). Therefore, we turn our attention to the
transformations described in (6.60) and (6.62) and attempt to construct a real structure operator for
KO dimension = 4.

To begin with, note that the Hilbert space H, can be split into two subspaces: #, = HL:=0 @ HL:#0.
The former consists of eigenstates with Lz = 0 (i.e., the linear span of 7, and 7,), while the latter
consists of eigenstates with Ly = =£1 (i.e., the linear span of 1, and 73). Equation (6.36) indicates
that the action of Jr should involve swapping between the eigen spinors in their respective sectors,
while also interchanging the components of the C? space, which corresponds to the lower and upper
components of the spinors. To explicitly demonstrate the transformation sector-wise, we proceed as
follows:

(1)

romoseeor: (5) 2 (5) () > (5 G) = (0) G- () e

The interchange of 7, and 7, implies the following conversion in H, (we have used ( 6.38)):

can eventually be identified, thereby considering

T3 — —I3 (669)

L3 = %1 Sector : (763) — (7(7)2) ; <1;)2> — <_(;73> (6.70)

Here 1, < 13 implies the following interchanges in H,:

(2)

T (6.71)

At this point it is tempting to build a real structure operator by inserting a complete space inversion
followed by a hermitian conjugation while keeping the aforementioned interchanges in mind.
Let’s try to use the space inversion first utilizing,

=17, (6.72)

8P

-3 =P

K>
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where the following transformation in the 7, basis (6.36) the action of the parity operator P in #,
can be implemented unitarily as,

m m et 00 0 m 0 0 0 1\ /m
/ imlLg _1
2 773 _ 0 e ’OL 0 | _ |0 0 0 72 (6.73)
3 3 0 0 e 0 13 0 0 -1 0 73
uz 4 0 0 0 H&alt) \m 1 0 0 0/ \m
so that the following relations
n =P =na; ny = Png = —na; ny = Pns = —n3; ny = Pna=m (6.74)

hold, where the transformation (6.72) becomes quite obvious if we use (6.74).

At this point, however, it is important to note that the initial commutator bracket (6.1), which only
fulfills an SO(3) symmetry, is not invariant under the transformation (6.72). In simpler terms, if the
structure constant €;;;, is considered as a pseudo tensor and held invariant under parity transforma-
tion, the commutation relation (6.1) will not be invariant. However, if we elevate ¢, to E;;,, which
is now a tensor fulfilling the following condition,

E;ji = €iji, forright handed system

= —e¢;;i, for left handed system

we can also make it respect the extended O(3) symmetry, where the definition of €123 = +1 in an
usual right-handed system is used. In light of this, we would point out that the unital algebra Ar
(6.4) for our n = 1 instance may be written as

Ap = Spanc{ni, 2,13, m} = Spanc{lz, &1, %2, 23} (6.75)
follows the multiplication rule:

. A2 iAo
T8y = Z(Sijfz + %qjkxk e Ap (6.76)

appropriate for a right handed system. Particularly for ¢ # j, in a right handed system,
oA . .
D182 = 5 T3, and cyclic permutation
while for the left handed system
oA i . .
T1Lo = —5333, and cyclic permutation (6.77)
It should be noted that any generic O(3) element fulfilling det=-1 can produce the left handed system

from the right handed system. One such instance is the parity operator discussed above that was first
proposed in (6.72).Therefore, the multiplication rule, defined as follows for a left-handed system,

)\2

i\
.i‘ii‘j = I(sijfg — %fijki'k e Ar (678)
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may now be ‘upgraded’ to the following new multiplication rule that combines the properties of the
right-handed (6.76) and left-handed (6.78) systems as,
A X .
TiT; = Z(Sijfg + EEwkxk e Ap (679)
This ensures,
P(2;2;) = ;25 (6.80)

The multiplication rule has now changed, while maintaining the same underlying vector space struc-
ture of the algebra. As a result, the coordinate algebra given by (6.1) remains invariant under the
action of the space inversion operator P, and the total symmetry group is enhanced from SO(3) to
0O(8), as mentioned earlier.
It is worth noting that the relation given by (6.76) is more stringent than (6.1) in the sense that (6.1)
can be derived from (6.76) by simple anti-symmetrization. However, the converse is not true; (6.76)
does not hold for fuzzy S? associated with any n > 1 representation. For instance, in the case of n = 1,
one can choose (p1(&;))jx = —iX€;;,, which satisfies (6.1), but does not satisfy (6.76).
In fact, the O(3)-symmetric Lie algebra satisfied by Z;’s can be obtained simply by anti-symmetrizing
(6.79), resulting in,

(i, 5] = iAEjjxd (6.81)

The corresponding Lie-algebra satisfied by the right action 2 is therefore given by,

(2, 25] = —iAEindy (6.82)
The resulting algebra, which exhibits an enlarged O(3) symmetry, is satisfied by an O(3)-covariant
fuzzy sphere. This aspect has been studied previously in [170], where it was demonstrated that an
O(3)-covariant fuzzy sphere can be constructed by imposing an energy cutoff on a quantum particle
confined within a potential of the form V' (r).

Hence, it becomes evident that this parity symmetry should also be implemented through an
automorphism symmetry of the algebra Ar. This can be achieved by requiring the elements of Ar
to transform as scalars under parity transformation (6.72):

(6.83)

K>

a(lp, &) = d' (I, @) = a(l, Z); & :=—

Next, we can implement the transformation (6.71) in the Hilbert space H, using a Hermitian conju-
gation operator H (also referred to as the involution operator) or the * operation introduced below
(6.9). Furthermore, we require an operator that can act on the C? sector of the total Hilbert space,
interchanging the upper and lower components.

With all the necessary ingredients at our disposal, we can now introduce the real structure Jr as

follows:

Jr = (iog) @ (Ho P) = (01 (1)) ® (H o P) (6.84)

where P (6.72,6.73) acts linearly. It can be verified that Jr is an anti-unitary and anti-linear operator.

To illustrate its action, we consider the example of Jr1); = —1)2, where 1; and 1, are eigen spinors (as
given in 6.21) of the Dirac operator Dr. In order to facilitate this demonstration, we find it convenient
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to express ¢ and v, in terms of the basis 7),,, resulting in,

v (mH (B =1 _ (2—V3)ms
1/)1—N( 2= /3 >andz/J2_N(n4+(\/§_l)m

1
); N=—% (6.85)

Then

Tetr = N (_01 é) ((H T 2(21)(;&%,713”4)) =N <_01 é) (mj(a(\—/g\/_ﬁ)ln): 1)

_ (2— \/5)773 _
=N <774 + (V3 - 1)771) - (680)

where we have made use of (6.32) and the following set of relations:
(H o P)m =mns; (Ho Py =—ns; (HoP)ng=—na; (HoP)n=m (6.87)
Proceeding in a similar manner, we get

Tr2 = 15 Trps = —tba; Trba = V35 Trbs = te; Trpe = —s; Trpr = —bs; Trips = Yr;
(6.88)
This implies
Ji=-1 (6.89)

consistent with KO dimension-4 (See table- 2.1). We now need to check the property (6.65) with our
real structure operator (6.84). For that purpose, let us take the example of (H o P)(&;n:). Using (6.76,
6.80), this may be recast simply as the following,

. _ @ T3 _ _@ Tid3 :_@ L3%; _ _AR
(H o P)(@m) = (Ho P)(5 + 252) = H(- 20+ B8) = -2 85— gty (690)
Similarly we get for other components of 1, the following relations,
(H o P)(@in) = &f'ms; (H o P)(#img) = &f'me; (H o P)(#ims) = = 'm (6:91)

These relations help us to obtain the actions of Jr on the canonical basis of "z (6.11), which can now
be seen to be given by the following relations using (6.87) :

Trld1)) = —|¢s)); Trld2)) =1¢7)); Trlds)) =106)); Trlda)) = —|¢s))
Trlds)) = 164)); Trlds)) = —1¢3)); Trld7)) = —|¢2)); Trl¢s)) = |¢1)) (6.92)
Now one can write down using (6.44),

8

Tem()I Th = Ten(@0) 0, Th = Te Y w(@1)l6:) (6] Th (6.93)

i=1

For the explicit illustration, let’s use the first term from the right-hand side of the equation presented
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above as a sample,

Fentanion) (@} =70 (7" (s

= (O §) e (M) @

0 1 75:1+:f:1:f:3
— (& o)er(T ) el

= (5 ) (== (0 ) (@l == (ol 699

b 774@1

Proceeding similarly for every term in the right hand side of (6.93), we get,

Trr (1) Th = —% [162)) ((&1] + [@1)) ((P2] + |¢4)) ((#3] + [3)) ((¢4]
+95)) (96l + 106)) (5] + 167)) ((9s] + 6s)) ((¢7]] = —m(27) (6.95)

For all the algebra generators &; we can readily show

7(&0) == Tpm (@) Tt = —n(&F) (6.96)

As a result, we may identify #¢ = —3Z rather than ¢ = #[, contrary yo what we had originally

anticipated. But the negative sign turns out to be safe as it simply shows that elements of the opposite
algebra A is also now subjected to the parity transformation as

i = —aff = palt (6.97)
As aresult, both 2° and Z7 act from the right and thus belong to .A%. However, while 7R satisfies the
commutation algebra (6.82) appropriate for the right-handed system, Z° will satisfy the commutation
algebra of the left-handed system.
However, since the more general form of the commutation relation is now given by (6.82), which
satisfies the entire O(3) symmetry, it immediately follows that ¢ will also satisfy the same su(2) Lie
algebra (6.55).
It therefore follows trivially the following commutator relation is also satisfied.

[Tem(@:) T, Ter(@;) T = [7(@F), 7(25)] = —ideur(@F) (6.98)

Finally, we would like to mention that our orbital angular momentum (6.19) changes sign under
parity, which is consistent with the new definition of angular momentum in a commutative context
(R*)as L; = E;ji% Dy, rather than €;;,2 ;. This change in sign forces the occurrence of o; in the spin
part to flip sign as well, resulting in the chirality operator (6.15) being an even object under parity.
Similarly, if we replace €;;;, with E;j;, in the Dirac operator (6.15), it too becomes even under parity.

6.4.1 Violation of the first-order condition

The requirement of the first-order condition, given by [[Dr,w(a)], 7(b°)] = 0, actually encodes the
fact that the Dirac operator is a first-order differential operator and acts as a derivation of the algebra
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A into itself, commuting with the entire opposite algebra A° = JAJ* i.e. belonging to its commu-
tant. In [67], it was shown that by violating the first-order condition, the fluctuated Dirac operator
D 4 becomes non-invariant under inner fluctuations, and to restore its invariance, a quadratic inner
fluctuation term needs to be added to D 4.

Now, let us examine whether this condition is valid or not in our context. For that, let us choose,
m(a) = 7(#) = diag(Z;, ;) and w(b°) = 7w(29) = diag(Zy,1). Now using the form of the Dirac
operator given in (6.15), we can show,

1Dr, 7(@)), w(@3)] = e [[eijkai ® &R0, 1 2], 1® xﬂ

= -Lleifs - oeifa)le ]
A
=~ (ol — cipmont il ) £ 0 (6.99)

n

So the first order condition is violated.

6.5 Chapter summary

In this chapter, following Watamura’s structural forms [69] of Dirac and grading operators, we have
provided a consistent formulation of an even and real spectral triple for the fuzzy sphere in its 1/2
representation. We provided precise forms for the eigen spinors of the SU(2) covariant forms of the
chirality and Dirac operators. In addition, we showed how to get the real structural operator in the
spin-1/2 representation, which is in agreement with the spectral data of KO dimension 4. For doing
so, we had to enlarge the symmetry group of the fuzzy sphere from SO(3) to O(3). It should be ob-
served that the first-order condition, a crucial component of the spectral formulation of the standard
model, is violated by this specific spectral triple.

This opens up possibilities to explore phenomena beyond the scope of the usual standard model.
Using the almost commutative geometric framework and this formulation, we can try to construct
an SU(2) gauge theory. For that, we intend to study a model, where the fuzzy sphere represent the
internal space in a toy model that combines a 4D commutative manifold with an algebra of the type
C* (M, M3(C)). Additionally, the fluctuated Dirac operator could contribute to the definition of the
“Higgs field”, opening up opportunities for building plausible cosmological models. For instance,
one may investigate the interaction of gravity with dark matter candidates at higher energies [171].

Last but not least, it would be intriguing to contrast the effective action resulting from the spectral
action principle with that of the conventional Kaluza-Klein theory, where the spacetime manifold is
assumed to be the product of My x S 2 [172], with S? being a commutative 2-sphere. Such a compar-
ison should throw light on their divergent characteristics and ramifications.






Chapter 7
Conclusions

The primary aim of this thesis has been to explore theories of NCG that offer intriguing novel features
at the quantum level, while also establishing connections between NC theories and their commuta-
tive counterparts. In this final chapter we shall summarize briefly our findings and possible future
directions arising from our results.

In chapter-1, after discussing the basic tenets of NCG and its major applications across different
branches of physics associated to hugely different energy scales like QG corresponding to Planck
scale physics to all the way to low energetic condensed matter phenomena like Quantum Hall effect
to the “intermediate” level with associated energy scale ~ 10 TeV relevant for the existing SM of parti-
cle physics, we have briefly reviewed the Hilbert-Schmidt operatorial formulation and spectral triple
formulation of NCG in chapter-2.

In chapter-3, we have studied effect of NC space-time in a non-relativistic time-dependent quantum
system (forced harmonic oscillator) and found that noncommutativity can give rise to non-trivial ge-
ometric phase shift. In [112], the authors had shown an interesting relationship between the Fubini-
Study metric defined in the projective Hilbert space of a time dependent quantum system and the
energy-time uncertainty relation. Later, authors in [113] have pointed out that, the coherent states
provide a natural framework for the realization of the above mentioned relationship and demon-
strated this explicitly in their computation involving a spin system in a magnetic field and a general-
ized harmonic oscillator system respectively. In light of our work, it seems that we can also extend
our study to compute the energy-time uncertainty relation in our system as well, by making use of the
existing Fubini-Study metric of the projective Hilbert space. Presumably, the space-time noncommu-
tativity, which is solely responsible for giving rise to the geometric phase and inducing a geometry in
the parameter space, should have some tangible effect in the energy-time uncertainty relation and it
should be quite interesting to investigate this point in our future work.

The formulation of QM in NC space-time necessitates the formulation of QFT within the framework
of quantum space-time. In this regard, it becomes crucial to embrace the operatorial nature of space-
time coordinates, rather than relegating them to mere classical numbers and employing star prod-
ucts. This allows us to circumvent the ambiguities arising from the non-uniqueness of star products
as discussed in chapter-2. To achieve this, the Hilbert-Schmidt operatorial formulation of quantum
mechanics proves indispensable at least for Moyal type of spaces or space-times. My future interest
is to use this operatorial formalism to build up second quantization procedure in NC space-time.

In chapter-4, we have discussed the deformed Poincare symmetry of a NC space-time with Lie al-

gebraic noncommutativity, namely the xk-Minkowski space-time and found the Lagrangian of a rel-
ativistic spinless massive particle in such background in a purely classical analysis. Subsequently,
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we have uncovered a relation between the momentum dependent phase space algebra (which can
be given the status of a generalized uncertainty principle or GUP) arising as a result of Lie algebraic
space-time non-commutativity. The enveloping algebra-valued nature of phase-space algebra is then
corroborated independently by Heisenberg-double construction in a Hopf algebroid framework. This
can then be interpreted as the manifestation of non-trivial geometry of the corresponding momentum
space and can be taken to be an effective description in a regime of QG, where there is no length scale
and the noncommutativity arises purely from the inverse of a mass scale. Unlike [60], where the 4D
curved momentum space represented by AN(3) group manifold which is a part of 4D de-Sitter space
and the free particle Lagrangian is obtained by using group theoretical approach, appropriate for the
AN(3) group manifold, we have employed the deformed actions of the undeformed Poincare sym-
metry of the k-Minkowski manifold to write down the free particle Lagrangian so that the dynamical
model remains invariant under the deformed transformation of the space-time coordinates. Contrary
to [60], where the translation generators are not 4-vectors, in our model the translation generator P*’s
transform as 4-vectors, which is the novelty of our construction. This, in turn, helps us to label sin-
gle particle states by mass and spin just like the commutative case. We then derived the deformed
dispersion relation for this single particle system from the deformed geodesic distance in the curved
momentum space. The deformed mass-shell condition enables us to identify a renormalized mass M
moving in a k-Minkowski space-time, which is related to its usual ‘bare’ mass m. And for this, we
consider three cases, i.e. for time-like, light-like and space-like deformation parameter a*. In the case
of a light-like deformation parameter, no deformation is observed in the bare mass: M = m. How-
ever, when considering a space-like deformation parameter, the bare mass is found to have an upper
bound of m < L. Correspondingly, the renormalized mass M is also found to be bounded above
as, M < 5. On the other hand, for a time-like deformation parameter, M becomes a monotonically
increasing function of m. Although there is no explicit upper bound on the masses m or M in this
scenario, the existing mass scale serves as a critical point, which is also expected to be on the order
of the Planck mass. Beyond this scale, the growth of M becomes nearly independent of that of m,
resulting in the renormalized mass reaching effectively a plateau within a narrow range.

These observations raise captivating questions about the nature of spacetime itself and the measure-
ments conducted within the domain of quantum gravity. Our work opens up the door to investigate
the nature of many particle interaction in light of the curved momentum space and look for any sig-
nature, which can perhaps be attributed to “relative locality” [52]. It would also be interesting to take
up the case of a relativistic spinning particle in k-Minkowski background.

In chapter-5 and 6, we explored the spectral triple aspect of NCG and their possible application in
beyond “almost commutative” geometrical framework for Standard Model of particle physics.

In chapter-5, after briefly discussing about the spectral distance of Euclidean Moyal plane, we have
discussed the Lorentzian formulation of spectral triple a Ia” N. Franco [153,154]. We then make use
of the formulation to derive the spectral distance between two pure states separated by time-like in-
tervals. This should pave the way for realistic model building where almost-commutative spaces are
upgraded to fully non-commutative spaces, so as to provide us a glimpse beyond standard model
physics.

The almost commutative manifold a la” Connes [62] which is given by a product of a continuous four
dimensional manifold and a finite space/ non-commutative algebra namely C & H & M;3(C) predicts,
almost uniquely, the existing SM with all its fermions, gauge fields, Higgs field and their representa-
tions. A strong restriction on the non-commutative space results from the first order condition which
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came from the requirement that the Dirac operator is a differential operator of order one [45]. How-
ever, when one relaxes this condition, that opens up a new possibilities to study phenomena beyond
standard model as was discussed in [67,68].

In chapter-6, we could introduce, for the first time, a real structure for a spin-1/2 fuzzy sphere so
that it becomes real and even spectral triple. However, the above mentioned spectral triple violates
the first order condition. In this context, Connes et.al. [67] has come up with necessary mathemat-
ical formalism for spectral triples where although the first order condition gets violated, it never-
theless eventually facilitates the development of a phenomenologically viable model like Pati-Salam
model [68], which goes beyond standard model. This gave us a strong motivation to formulate a
toy model of SU(2) gauge theory by taking the spin-1/2 fuzzy sphere as the finite space along with
4D commutative manifold so that the total algebra becomes A = C*°(M, M3(C)). Now one can try
to construct a bosonic spectral action using almost commutative geometry framework a Ia” Connes,
which respects SU(2) gauge symmetry, to capture some of the aspects of physics beyond the standard
model.

And for that we need to augment linearly fluctuated Dirac operator D+ A+ .JAJ~! with gauge poten-
tial A = )", a;[D, b;](a;, b; € A) with appropriate non-linear corrections-the so called ‘fluctuation of a
fluctuation’. That is how we hope to first determine the gauge and Higgs fields content and later we
can evaluate the spectral action using heat kernel expansion method and then analyze the resultant
model.
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Appendix A

On the effect of space-time
noncommutativity on a
time-independent system

Let us take, for example, a time-independent generic Hamiltonian placed in a NC space-time.

H= % +V(X) (A1)

By representing it in coherent state basis (3.35) we get the following Schrédinger equation as,

i

00tbony () = (@, 1 ) = [22

VX)) Yz t) € LR (A2)
Now, using (3.60), we get

P

Lo SV (@)™ |tbpny (1)

iat'(/)phy(xat) = [

which, when re-written in terms of 1.(z,t) = S~ 9, (z,t) € L?(R!) (3.62), readily yields the usual
commutative Schrédinger equation:

i0e(@, ) = | 2= + V(@) e, (A3)

demonstrating how the spectrum and therefore the system’s dynamics are unaltered while the com-
mutative Schrédinger equation is successfully recovered. Here, the transformation merely affects the
wave function of the system: 1. = S~ ¢,p,,.
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Appendix B
Dirac’s constraint analysis for the
Lagrangian (3.24)

We will here perform a Dirac’s constraint analysis on the first order form of the Lagrangian (3.24)
and then compute the Dirac’s bracket among the configuration space variables, where space-time
and their corresponding canonical momenta are regarded as configuration space variables,

T . 0 v -
Lf’e =puit —o(r)(ps + H) + 55“ Pubv, v =0,1 (B.1)
o(7) is an arbitrary Lagrange multiplier enforcing the constraint (p;+H ) ~ 0. The canonical momenta
corresponding to z#,p, and o(7) is given as follows :

OL™ oL 4 oL™
7T“ = ., — Pu; 775 = apﬂ = 7§6M Dv; Tg = e =0 (BZ)

The aforementioned equations (B.2) are understood to be primary constraints of the theory since it
is clear that the canonical momenta are not connected to the generalised velocities and are given by

0
(I)LM = Wﬁ _pll« ~ O’ (bg = 7T5 + ieﬂupu ~ 07 (I)S =Te N 0 (B3)

The Poission brackets between the canonical pairs are following,
{e",my =", Appmy} =07 H{oymo} =1 (B.4)
We can derive the Poission brackets between the constraints (B.3), using (B.4) as

{@3, D3} = {P3, Py, } = {P3,P5} =0
{(I)l,;u (I)l,l/} = 0; {q)l,;u (I)S} = _5,u v {(bga (I)g} = 0l (B5>

We can also write the canonical Hamiltonian as
H.=o(r)(p: + H) (B.6)

It is evident that with all other constraints, ®3 yields zero brackets. It is therefore a first class con-
straint. Due to the non-vanishing Poission bracket between ®; ,, ®5 ,,, the remaining constraints are
categorized as second class constraints. As a result, the Dirac brackets allow us to strongly implement
the second class constraints. Before continuing, however, it should be noted that the total Hamiltonian
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may be expressed by adding all constraints to the canonical Hamiltonian H. as,
HT = O'(T)(pt +H) +A17/‘/(I)171L +>\27/Lq>g +/\3(I)3 (B7)

where A1 ,,, A2, and A3 are suitable multipliers. The secondary constraint now results from the preser-
vation of @3 in time.

Y= ={Hp,m,} =p;+ H~0 (B.8)

We can obtain the relationship between o(7) and A ,,, A2 ,, from the time preservation criteria of the
other constraints, which are unimportant in this case, . Instead, as was already said, we will imple-
ment the other second class constraints. Thus, in order to achieve that, we must first write down the
constraint matrix A, and its inverse (A~!),;, which are now obtained as,

— {‘I)la/“q)lﬂj} {(1)17M’(I)5} _ O _6MV . —1 o 06;“/ 5#1/
A“b B < {(I)gv (I)Lu} {(I)gv (Dg} - 51’ I 961“/ ’ (A )ab N *5u K 0 (B9>
fulfilling, Aas(A™1)pe = dac.
Using the following definition for Dirac brackets [97,98],

{f7 Q}D = {fa g} - {fa (I)a}(A_l)ab{(I)bag} (BlO)

we now compute the Dirac brackets between the phase space variables to get the following structure:
{xﬂ7xV}D - 06#1/’ {puvpV}D 207 {xﬂvpl/}D - 5#1/ (B11>

These Dirac brackets easily produce the NCHA (3.26,3.27), which contains the space time NC struc-
tures, when raised to the quantum level.

Finally, we would like to make certain observations regarding the functions of the primary first class
constraint 3 and the secondary constraint ¥. The primary first-class constraint ®3 (B.3) deals with
the non-physical momentum =, associated with o(¢) that corresponds to the Lagrange multiplier.
So, we may disregard this constraint. On the other hand, we can quickly demonstrate that the sec-
ondary constraint > (B.8) is now first class constraint since it shares vanishing Dirac brackets with all
other primary constraints when we employ the Dirac brackets . Finally, it can be demonstrated that
Y generates the 7 evolution of the system in the form of the theory’s gauge transformation.



Appendix C
On the mapping S~ 1: LZ(R!) — L*(RY)

Here we would like to prove that, the map (3.62) ie. S™' : L3R!) — L%*R!), with S7! =
e~ 5(07490)¢i50:9:  although being a non-unitary operator, is an inner product preserving map i.e.
the inner product between a pair of arbitrary states in L?(R!) space with respect to star multiplica-
tion, is equal to the inner product of the corresponding transformed states belonging to L?(R') with
respect to ordinary point-wise multiplication.

For that, let ¢, (z,t;60) € L2(R') and ¢.(z,t) € L*(R') related by (3.62) as ¢pny (2, t,6) = Stpe(,t),
satisfy the respective Schrodinger equations (3.59) and (3.67). Now, if we consider a stationary wave-
function in L?(R!) as

Vel t) = e Tl (), (C1
then the corresponding physical state in L?(R') can be easily determined by using (3.62) as

Pphy (2,15 0) = e Fles CE R0 3 B0y, () = =Bl (2:6) (C.2)

So here too we see that, the time part gets factored out here in the form of e ~*£* just like (C.1), which
is indicative of the fact that this v, (z, t, 0) is also a stationary state with the same energy eigenvalue
E. Now the norm of the state 1. (z,t) € L*(R!) is defined as

JREEC )
= [ o (S @ 60 (5 (2 8:6))
:/ d :wzhy@’t;9)673(7E2+E2)67%E§} [e*g(*E2+$2)ei%a£¢p;w($,t;9)}
:/ I :w;hy(x,t;9)67%(*5‘3”3231)6%&2} [e—g(fﬁﬁrii)e—i%i@’%hy(%t;9)}

(Here we have used integration by parts and dropped the boundary terms.)

- - - 0 = -
:/ dx w;hy(x’t;g)e%(3t3t+813m)€§(3t3m—6m3t)¢phy(x7t;9)} :/ dz %hy(%t;@) *V Yphy (2,15 0)
(C3)

This allows us to demonstrate that the norm of the stationary wave function 1, in L?(R') space,
associated with the energy eigenvalue F, is equal to the norm of the transformed stationary wave
function v in L?(R') space, associated with the same energy eigenvalue E. The typical point-wise
multiplication and Voros star multiplication, respectively, are the products defining the norms in
Hilbert spaces, L?(R!) and L?(R') respectively. Now, let us construct a pair of non-stationary physical
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states by taking linear combination of stationary state wave functions with suitable coefficients such
as,

Wy (2,15 0) ZAW;’,Z/ (2,t:0), (C.4)
Dy (2, 1;0) ZB,L%,W z,t;0) (C.5)

where %/JZ(,ZL (z,t;0) = e*iEnth()Z;(x 0) is a stationary state for a certain energy eigenvalue E,, of
the form w(ni(x; ). Because all bound stationary states in 1D space are non-degenerate, and as

wz(:i% (x,t; 0) constitutes a complete set of basis, it can be chosen to be orthonormal as,

/ a6 (15 0) wy 60 (2, £50) = b (C.6)
t

Now let us consider the inner products between this pair of non stationary states (C.4) and (C.5) as

/dxCI)p,w 2, 450) xv Upny (2, 1,0) = 3 A, B*/da:w(hy 2, t;0) v V) (2, 8;0) (C7)

n,m

Using the orthonormality (C.6) we arrive at
/d:v O (@,6:0) %y Uypy (2, 1;6) ZA B*/d;v WS (2, 4;0) v V) (2,;0)

(Now using (C.3)) => A.B; / da i (@, 8) P (x, 1), (C.8)

where we have used ¥\ (z,t) = 11/Jphy(a:7 t:0).
It can be shown by simple argument that, if the non-stationary state W, (z,t,0) € L?(R') is given
by (C.4), then the corresponding non-stationary state in L?(R'!) is given by,

U, (,t) = S Wy, (2,1,0) = 12Awphyxt<9 ZAS Ly (2,t,0) = Zwat

(C9)
Using this we can finally write (C.8) as,

/ dz % (2,6,0) v Uppy(2.t,0) = / do @ (2,1) . Uo(2, 1) (C.10)

According to this equality, the inner product between a pair of non-stationary states in L2(R!) space
with respect to star multiplication and the inner product between the corresponding pair of non-
stationary states in L?(R') space with respect to the standard point-wise product that we use for
standard commutative QM, are indeed equal. This is also anticipated for the simple reason that the
map, S~!, is a non-unitary transformation that naturally modifies the inner-product of the Hilbert
space and replaces the Voros star product in the LZ(R!) space with the regular point-wise product of
the L?(R') space.



Appendix D
Derivation of the coproducts of
deformed iso(1, 3) generators

Here we briefly sketch the method of obtaining the co-product for the generators M,,,,, P,. The action
of P, on a product of operator X valued functions f(X).j(X) can be shown to be given by

> (f(X)3(X) = ([Bu, JED & 3(X) + (F(X )P)Dé(f()
= ([Bu, S & 9(X) + m((1@ By) > (f(X) © §(X)) (D.1)
where the sign > denotes action of P, given as
P> f(X)=[P, f(X)]J>1 and P,>1=0 (D.2)

and m is the multiplication map such that m(f ® g) = f.¢g and one can immediately identify that

m(AB> (F(X) @ §(X)) = (B, F(X)]> 5(0) +m((L@ B> (F(X) ©9(X)  (D3)

So the coproduct of P, can be obtained from the commutator relation [P,, f(X)]. Now first taking
f(X)=X,asa simple example and using the relation (4.22) we obtain

[Py, X)) > §(X) = [=inuwé +ia, P, > §(X)
= [_inuu¢ + iau¢ ((Z)ncw)
= (B> X))o §(X) — a0~ <Pa = SRR, K] 5 1P e (X))
= (B> )00 §(X) = 0, |67 (Pa = SEF(P)) b X, | P25 5(X) (D4)
where we have used the following relations,

1P, X)) 51 = —in, [ﬁa _ %F(P),fg} — i d(P) (D.5)

where F(P) = Z(1-V1+ a2 P2). We can now generalize the above relations to an arbitrary function
f(X) using the method of induction on the monomials of X, [122,130] and write

[P fO) = (Buf)é = a(Poo™ F) P+ 2 (F(P)6 7 f) (0.P) (D6)
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So one can finally write the coproduct of P, as

S (F(P)¢") @ (a.P)

AP)=Pu®d+10 Py —au(Po ) @ P + 3

Now one can also derive the coproduct of M,,,, simply by using its realization given in (4.86) as
AN > (F© §) = A((RuPy = 2B (P)) > (f @)
A

= (W f) © 3+ F © (WL§) + [0, (P> = S F ()67 | f © (31n,9)—
A

|0 (P = SE ()67 | f 0 (W39)

which gives us the coproduct formula for M, stated in (4.27).
Co-associativity: One of the most important property of a Hopf algebra H is that it should be co-
associative i.e. the coproduct A should satisfy

ADA=(1AAH>HoH®H (D.7)

For example we can check via a lengthy but straight forward calculation, the following identity:

(A®1)AP":p“®¢®¢+1®PN®¢—aupu¢7l®P”®¢+%F(P)Wl®a.f3®¢
+1919P, —a,P¢ ' @10 P’ —a,p '@ Pt @ P”
+?Tg ¢ '@ ' @aP-191®aP+aPy ' ®10aP+¢ ' ®aPs ' @al
=(1®A)AP, (D8)

To prove the above identity we have used F(P) = (1 — 1+ a?P?) = %(1 — ¢ + a.P) and the
homomorphism of the coproduct i.e. A(a.b) = A(a).A(b), Va,b € H. We have also used the co-
product A(¢~!) = ¢7! ® ¢!, so ¢~! can be regarded as a group-like element of the Hopf alge-
bra as ¢ itself i.e. A(¢) = ¢ ® ¢. The coproduct of ]\wa can also be verified to be co-associative:
(A® I)AMW = (1® A)AMM,,. It is important to notice that the set of commutator relations in
(4.1,4.3) and (4.21,4.22) closes on the universal enveloping algebra generated by the enlarged set
{M,,, P, X,.}. We have already discussed the coalgebra sector corresponding to the Poincare gener-
ators in chapter-4, section-4.1.1. It should now be augmented by the co-algebra structure of X, itself.
We, however, contend ourselves just by quoting the expression of coproduct of X, given as [130]

AX,=¢® X, + X, ®1—a, [Pa - %’F} ® X (D.9)

as this expression is not used in the construction of Heisenberg double (see sec-4.1.1) on the way
to provide an alternative ‘derivation” of deformed Heisenberg algebra (4.22), for reasons explained
there. In fact we have to make use of the undeformed i.e. the primitive form of coproduct :

Ao(X,) =X, @ 14+1® X, (D.10)

as only translational generators P, € J will be used in the Heisenberg double construction, H =
U(T) #U(M), where the Lorentz generators M,,,, are excluded.



Appendix E

Symplectic analysis of free particle
Lagrangian in xr-Minkowski
space-time

Let us first write a general first-order Lagrangian as,
Ly = a,(6)€ — H, (1)

where &; are the phase space variables, i = 1, ..., 2N for a N dimensional coordinate space. Note that
a;(§) can be considered as a sort of vector potential (connection) for an abelian gauge theory, since
modification of a; by a total derivative as

o0

ai(g) - al(f) + ot

(E2)

does not affect dynamics, since the Lagrangian changes by a total time-derivative term. However, the
structure of constraints will vary under the transformation (E.2) as can be seen directly from (E.1).
Now for a generic a; (), one can find out the Euler-Lagrange equation from (E.1) as

_ 0H,

i (©)& = o6

(E3)

where f;; = d%’—ga - 8%"—‘;_5) acts as gauge invariant two form (curvature) constructed out of gauge

variant connection a;(§) and is called symplectic two form. It can be shown that f;;(£) is basically the
constraint matrix, which remains invariant under the gauge transformation of a;(¢).

Now we carry out the symplectic analysis a la” Fadeev Jackiew (FJ) for the system Lagrangian and
show that it indeed produces the same symplectic brackets as that of (4.46), as expected. Symplectic
approach is an alternative and sometimes quicker method (than Dirac’s analysis) specially for first
order system to obtain the phase space brackets from equations of motion. We can calculate the Euler
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Lagrange equation of motion from the system Lagrangian (4.56) as

1y ¢ la o
¢IP, + . a_‘;) (P.P)=0 (E.4)
. 71 . . .
o1 X, + 3 Q_S - 5 (@ X)P, + ¢ 2[a,(X.P) — X, (a.P)]
—2 . . ) . of(P?
3 f 5 lau(a.X)(P.P) — a’X,(P.P) — (a.P)(a.X)P, + a*(X.P)P,] = ¢ g;u ) (E.5)

From FJ analysis, it is known that these equations of motion can be recast in the following form

0H.,

A,u,u,abéb,u =
where A ., is basically the constraint matrix. So we can read off the components of constraint matrix
from (E.6) using (E.5), which exactly matches with (4.53). Now the symplectic bracket between two
variables f and g is given by

{fag}SB = (A_l)lw ab 8u,af 8u,bg (E7)

where 0,,,, = % and A~! is the inverse of the constraint matrix given in (4.52). So the symplectic
brackets between phase space variables are given by

{X;u XV}S.B = (a,uXu - auX;L) = H,ul/? {P;MXV}S.B = _7];w¢(P) + a,upu; {P,uv PV}S.B =0 (E8>

It can be seen that, the symplectic brackets are identical with the Dirac brackets and produce the
classical version of the x Minkowski algebra (4.1).



Appendix F
Bargmann-Fock coherent state basis
and their properties:

Here, we present some of the working formulas and notations for the Bargmann-Fock coherent state
basis. Unlike Glauber-Sudarshan coherent states, the Bargmann-Fock basis is unnormalized. We
define it as follows: )

205 = e'10), p(z| = (0]e*, giving p(z|w)p = ¢ (E1)

12]2

and is related to the normalised Glauber-Sudarshan coherent states (2.12) as |z) = e~ 2 |z)p. The
use of the Bargmann-Fock basis offers the advantage that vectors belonging to 7. (2.4) (and the
dual space #.) can be represented by anti-holomorphic functions 4 (z) := (z|)) (and holomorphic
functions ¢*(z) := (¢|z), respectively). For simplicity, we will omit the subscript B when referring
to the Bargmann-Fock basis from now on. The completeness relation is given by

/du(z, %) |2)(z| = 1, where du(z,z) = ol Held) Im{dz) (F2)
T
The overlap of this basis with a Fock state in (2.4) is given by
B 2” ZTL
(zln) = NeT (nlz) = NG (F.3)

Another pair of important identities are,

/du(z,f)<¢|«2><flw> = (Ylw) = ™ (w), /du(z,f)@IZHZW) = (w]y) = p(w) (F4)

This allows us to identify (z|w) = e** = §?(z,w) as a delta function in this space. Moreover, we can
introduce the concept of functional derivatives in this context. To do so, let us consider a functional
F[1(z)] that maps the space of anti-holomorphic functions 1 (z) to complex numbers: F' : ¢)(z) — C.

The functional derivative %(g)] is then defined by the condition:
SR _ AF[P(2) + A9(2)]
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where ¢(Z) represents a small perturbaton with a strength A. One can then easily evaluate the follow-
ing functional derivatives:

CW(Z:) :62(2,111) and 51/}*(2)

dip(w) b (w)

where the second one follows from the first one by assuming complex conjugation, or alternatively
defines similar functional derivative by adding suitable functionals to the space.

= 0%(w, 2) (F.6)



Appendix G
On finite dimensional matrix solution
of (5.6) and some related observations

In [42] it has been shown that there exist a finite dimensional solution of optimal algebra element

a, saturating the ball condition I1[b, alllop < \/g . For computation of distance between harmonic

oscillator states p,,+1 and p,,, the finite dimensional optimal algebra can be taken as

o Vo
asfm“"+1><n+1|*\”><n“ (G1)

If we compute the operator [, a]'[b, a] with this finite dimensional form of é, we shall get,
- A 0
b,a

= m[4(n+ Din+ 1) {n+ 1|+ (n+ 2)|n + 2)(n + 2| + n|n)(n|] (G2)

It is apparent from the equation’s form that the right-hand side matrix is diagonal but not propor-
tional to the unit matrix. To compute the operator norm, we need to consider the highest eigenvalue,

which is 4(n + 1). This yields ||[b, @]lop = g.
Therefore, we have demonstrated that a finite-dimensional form of a, can also satisfy the ball condi-
tion. However, it is important to note that functional differentiation only provides information about
local extrema. To obtain the operator norm, we must also determine the maximal eigenvalue. In this
discrete case, the operator norm is not translationally invariant as it depends on n. It is employed to
compute the distance between successive harmonic oscillator states p,, and p,+1. Consequently, this

distance is also non-invariant under translation and is given by the expression

d(pns pnt1) = (G.3)

2(n+1)

See [42,161] for details.
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